
























The certainty principle (2005) allowed to conceptualize from the more fundamental grounds both the Heisen-
berg uncertainty principle (1927) and the Mandelshtam-Tamm relation (1945). In this review I give detailed
explanation and discussion of the certainty principle, oriented to all physicists, both theorists and experimenters.
Historical comments
Uncertainty principle. A reader interested in the history of the uncertainty principle should read, for example,
the review [1]. Here I give only some notes, that are important for the following recital.
The uncertainty principle was suggested by Heisenberg in 1927 [2]. Heisenberg formulated it as follows:
• The more precisely the position is determined, the less precisely the momentum is known in this instant, and
vice versa.
For uncertainties of coordinate and momentum the following relation was suggested:
∆〉X∆〉P ∼ ~ . (1)
Considering concrete examples, Heisenberg gave just qualitative formulation. But for the notion of “uncertainty”
he did not give exact definition.
Soon Kennard [3] gave exact mathematical formulation for the case of coordinate and momentum. Assuming









X − 〈X〉 )2〉1/2 , ∆〉P =
〈(
P − 〈P 〉 )2〉1/2 .
It means that, in accordance with probabilistic interpretation of quantum mechanics, it was suggested to understand
the uncertainties of coordinate and momentum as standard deviations of these observables.
Because of simplicity of the proof, the relation (2) became conventional mathematical expression of the uncertainty
principle and appeared in all textbooks on quantum mechanics. All criticism (including that about correspondence
to practical experiment) [1] was mainly ignored. But soon we will see that the certainty principle allows to get
alternate inequalities, describing the uncertainty principle, which turn out to be more sapid from practical point
of view.
Later the mathematical proof was generalized in many ways. And it was extended to other pairs of non-commuting
observables. So, in order to avoid ambiguity in the term uncertainty principle, let us give here some other, more
up-to-date and general, formulation of this principle1:
∗http://daarb.narod.ru/ , http://wave.front.ru/
1Such a formulation not only allows to better understand, what exactly is “uncertain”, but also allows to clearly see the contrast
with the certainty principle.
1
• If one tries to describe the dynamical state of a quantum particle by methods of classical mechanics, then
precision of such description is limited in principle. The classical state of the particle turns out to be badly
defined. This uncertainty can be mathematically expressed by different inequalities, describing spreads of
values of observables that have semiclassical limit.
Of course, Heisenberg could not formulate the uncertainty principle in this form. It would contradict the logic of
historical moment. In 1927 physics came from classical mechanics to quantum, and the uncertainty principle was
considered as a way from the old theory to new.
But today, when quantum mechanics is already well-established, the uncertainty principle is just a method of
qualitative estimation of precision of semiclassical approximation. And there are no reasons to think that this
principle is more fundamental than mathematical formalism of quantum mechanics.
Mandelshtam-Tamm relation. So far as for coordinate and momentum there is an uncertainty relation like
(1), general arguments, connected with the theory of relativity,2 point out that, seemingly, an uncertainty relation
for time and energy like the following should exist:
∆〉T ∆〉H ∼ ~ . (3)
Heisenberg himself suggested such a relation. But even in that time it was clear [4] that explanation of such a
relation must be more difficult, because there is no such a quantum-mechanical observable as “time”, and it is
unclear what should be understood as “uncertainty” of time.
Nevertheless, physicists wanted to believe that the uncertainty principle was a fundamental physical principle, and
attempts to ground relation (3) did not stop up to now. These attempts mainly tried to show that the notion
“uncertainty of time” was meaningful. And it was usually made by analysis of measurement process, i. e. to
analysis of interaction of quantum particle with apparatus like Heisenberg microscope. (a detailed review with
critical analysis see in [5])
I cannot say that those attempts were unsuccessful. Nevertheless, I think that such an approach does not correspond
to general methodology of quantum mechanics. The matter is that analytical formalism of quantum mechanics is
oriented to studying quantum systems as independent physical objects. This analytical formalism does not study
details of interaction of apparatuses with the quantum system.
In 1945 Mandelshtam and Tamm [6] gave rigorous mathematical formulation of relation3
|δt|∆〉H > ~ . (4)
Mandelshtam and Tamm named this relation “the uncertainty relation between energy and time in nonrelativistic
quantum mechanics”, because, obviously, they thought that they found mathematical expression of the uncertainty
principle for energy and time. Correspondingly, further attempts to ground uncertainty relation for energy and
time were generally attempts to show that the quantity δt in Mandelshtam-Tamm relation can be understood in
some sense as “uncertainty” of time.
But, I believe that there are no reasons convincing enough to call Mandelshtam-Tamm relation as uncertainty
relation. As it was explained above, the uncertainty principle is not more fundamental than mathematical formalism
of quantum mechanics itself. And what is more, analysis of relativistic quantum systems shows that this principle
is less fundamental. Therefore there are no reasons to think that fundamental uncertainty relation like (3) must
exist.
Soon we will see that Mandelshtam-Tamm relation in the case of closed systems is a consequence of other physical
principle, the certainty principle, which is more fundamental than the Heisenberg uncertainty principle. And the
quantity δt in the inequality (4), if we make transformation from Schro¨dinger to Heisenberg representation (or
to RCQ-representation), is a logarithmic coordinate on Poincare group. For some purposes this coordinate can be
interpreted as “uncertainty of time”, but, generally speaking, there is no need in such interpretation.
As regards non-closed systems, with arbitrary dependence of Hamiltonian on time, Mandelshtam-Tamm relation
should be considered as relation for the speed of quantum evolution. And it is quite independent relation, not
mathematically equivalent to the certainty relation for time and energy.
2But soon we will see that these arguments are incorrect, because existence of the uncertainty principle is connected with specific
peculiarities of non-relativistic approximation.
3Here it is written a little differently, so that connection with further discussion would be clearer.
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Certainty principle. When we raise a question about application of ideas connected with the theory of relativity
in quantum mechanics, it is worth to think about what we know about relativistic invariance of quantum theory
at all.
The group of invariance of Minkowski space4 is Poincare group. With invariance with respect to this group of laws
of nature, in general, and of quantum mechanics, in particular, is connected the notion of relativistic invariance.
All known physically important quantum systems, to which action of Poincare group can be applied, are quantum
fields (or their subsystems). And before 2002 mathematical construction of quantum fields was made by such
recipes5, which made action of Poincare group on space of states of quantum field hidden. In fact, physicists
were satisfied by statement that Poincare group acts on space of states not-explicitly, by some quite complicated
formulas.
When relativistic canonical quantization (RCQ) appeared [8] (for introduction review [9] is recommended) it became
clear how action of Poincare group is transferred from Minkowski space to the space of states of quantum field.6
It became also obvious the following:
• The notion of coordinate as quantum-mechanical observable for relativistic systems is not natural at all, not
even non-fundamental. (Attempts in the past to introduce coordinates for some systems, for example [10],
seem to be quite artificial.)
• For this reason the uncertainty principle can not be fundamental, in the sense of its generalization for rela-
tivistic quantum theory.
Using methodology of RCQ, I have formulated [12] the certainty principle:
• If one describes the dynamical state of a quantum particle (system) by methods of quantum mechanics, then
the quantum state of the particle (system) turns out to be well defined. This certainty of the quantum
dynamical state means that “small” space-time transformations can not substantially change the quantum
state. And for the case of Poincare group, for transformations, that can substantially change the quantum
state, we have estimation7:
∆〉 (− δxµ Pµ + 12 δωµν Jµν ) > ~ , (5)
Here Pµ is a vector operator of energy-momentum, Jµν is a tensor operator of the four-dimensional angular
momentum, δxµ and δωµν are the standard logarithmic coordinates of the Poincare group.
So far as the certainty principle is universal, it works well also in usual quantum mechanics, including non-
relativistic. So, it seems to be surprising that it was not formulated earlier. Nevertheless, there are two explanations
for this.
First, this principle is formulated naturally with basic notions of RCQ. In particular, it is most natural in formulation
of the certainty principle to understand the notion of dynamical state within RCQ interpretation. This difficulty,
seemingly, was the main.
Second, in order to come to the certainty principle from the usual quantum mechanics, it is necessary to use the
theory of quantum angle (Fubini-Study metric). But existence of this metric, though not difficult to prove, is not
obvious. This metric was discovered only in 1905 by Fubini [13] and Study [14], and most physicists do not know
about it.
Mathematical formalism
Quantum angle (Fubini-Study metric). Consider the unit sphere ‖x‖ = 1 in the usual three-dimensional
Euclidean space R3 . The distance measured on the surface of the sphere between any two points is equal to the
angle between rays starting from the center of coordinates and coming through these points.
4Of four-dimensional space-time of the special theory of relativity.
5Recipes, because formal mathematical process did not exist.
6Specific feature of RCQ method is construction of quantum fields in the frame of four-dimensional geometry of Minkowski space,
without artificial separation of space and time.
7Here and later we imply relativistic summation by pairs of the same Greek indices:
aµ bµ = a0 b0 − a1 b1 − a2 b2 − a3 b3 .
.
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So, the connection of angles with rays on the sphere makes obvious the important property of angle: it satisfies
the “triangle inequality”:
∠(a, c) 6 ∠(a, b) + ∠(b, c) . (6)
It is known, that angle in this example is expressed through the scalar product 〈·|·〉 in the space R3 by formula:
∠(a, b) = arccos 〈a|b〉 .
Here in the right part of the formula vectors, whose ends are in the points of intersections of the rays a and b
with the unit sphere, are denoted by the same letters as rays. Possible values of angle in this example are in the
range from 0 to pi .
Let us now consider angles not between rays, but between lines coming through the center of coordinates. In this
case possible values of angle are in the more narrow range from 0 to pi/2 . The formula for the angle in this case
is slightly changed:
∠(a, b) = arccos
∣∣〈a|b〉∣∣ . (7)
Will the angle satisfy the triangle inequality (6) in this case? The answer to this question does not seem to be
immediately obvious, because for every line we have two points on the sphere. But elementary logical reasoning
allows to reduce this example to the previous. The answer turns out to be positive.
Consider now the case of the three-dimensional complex Hilbert space C3 . Instead of real lines in this case we
obviously have complex lines, i. e. one-dimensional complex subspaces. Every such a subspace intersects with the
unit sphere even not in two, but in infinite number of points. These points are different from each other by complex
factor, whose absolute value is equal to one.
The angle in this case is defined by the same formula (7), but the scalar product here corresponds to the space
C3 . Possible values of angle, obviously, also are in the range from 0 to pi/2 .
Will angle in this case satisfy the triangle inequality (6)? The answer in this case turns out to be positive also.
This fact was proved by Fubini [13] and Study [14] (quite simple proof is also given in [12]), so the angle between
complex lines in Hilbert space is called Fubini-Study metric.
Of course, the fact that triangle inequality takes place cannot depend on the dimensionality of the Hilbert space,
because when we check the triangle inequality we always can consider the corresponding three-dimensional subspace.
So far as in quantum mechanics the space of states of a quantum system H is complex Hilbert space, Fubini-Study
metric can be naturally considered as a measure of difference of quantum states. In this context we will call this
metric quantum angle, because it allows to form natural collocations like “quantum angular speed”.
Quantum angular speed. Let now the vector r depend on the real parameter t : t ∈ R , r(t) ∈ H ,
‖ r(t) ‖ = 1 .
Let us define the quantum velocity v(t) by the formula:










r(t + δt) , r(t)
)
| δt | .
In order to express ω(t) through v(t) let us decompose v(t) into the two orthogonal components:
v‖(t) = r(t) 〈r(t)|v(t)〉 , v⊥(t) = v(t) − v‖(t) .
This decomposition formally looks the same as the corresponding decomposition in the real case, which is well
known in kinematics of point. But we should not rely on this analogy too much. The matter is that in the real
case existence of the parallel component of velocity is necessarily connected with growth of the norm of the vector.
But in the complex case under consideration vector is supposed to have always unit norm. Existence of parallel
component of velocity turns out connected with the possibility of multiplication of the vector by complex phase
factor, that is equal to one. Nevertheless, the following theorem is true
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T h e o r e m. The quantum angular speed is equal to the norm of the orthogonal component of the quantum
velocity:
ω(t) = ‖ v⊥(t) ‖ . (8)
Before proving this theorem let us note that in the real case equality (8) is definition of angular speed ω . And
angle in the real case is defined as integral of angular speed along extreme arc. After that trigonometrical function
arccos is defined for finite angles.
Straightforward transfer of such logic to the case of complex Hilbert space is problematic, because there are always
many extreme arcs, and none of them is so simple that appearance of arccos function would be geometrically
obvious.
So, here we need to study directly infinitesimal angles, i. e. work around singular point of arccos function. In
order to escape from this, let us use Parseval equality to change arccos to arcsin :
∠
(
r(t+ δt) , r(t)
)
= arccos
∣∣ 〈 r(t + δt) | r(t) 〉 ∣∣ =
= arcsin
∥∥ r(t+ δt)− r(t) 〈 r(t) | r(t + δt) 〉∥∥ =
= arcsin
∥∥ r(t + δt) − r(t) − r(t) 〈 r(t) | r(t + δt)− r(t) 〉∥∥ =
= arcsin
∥∥ v(t) δt + o(δt) − r(t) 〈 r(t) | v(t) δt + o(δt) 〉∥∥ =
= arcsin
∥∥∥ (v(t) − r(t) 〈 r(t) | v(t) 〉) δt + o(δt)
∥∥∥ =
= arcsin
∥∥ v⊥(t) δt + o(δt)∥∥ = arcsin ( ‖v⊥(t)‖ |δt| + o(δt) ) =
= ‖v⊥(t)‖ |δt| + o(δt) .
Dividing by |δt| , we get (8). 
Continuous unitary groups. Suppose now that we have in the space of states of quantum system a self-adjoint
operator A = A∗ . The set of unitary operators of type U(δs) = e− i δsA/~ (where δs runs the set of all real
numbers, and ~ is fixed positive real number (in quantum mechanics this is Planck’s constant)) forms strongly
continuous one-parameter unitary group: U(δs1)U(δs2) = U(δs1+δs2) . The operator A here is called generator
of this group.
And suppose that the state vector is changed by the action of this group:
r(δs) = | δs 〉 = U(δs) 〉 = e− i δsA/~ 〉 .
Here | δs 〉 ∈ H is another notation of the vector with parameter equal to δs ; 〉 ∈ H is a fixed ket-vector.
Suppose now that the function r(δs) is differentiable. Then the quantum velocity is expressed by the formula:
v(δs) = 1i~ Ae
− i δsA/~ 〉 = 1i~ A | δs 〉 .
The mean of the operator A does not depend on time:
A = 〈 δs |A | δs 〉 = 〈 e+ i δsA/~ Ae− i δsA/~ 〉 = 〈Ae+ i δsA/~ e− i δsA/~ 〉 = 〈A 〉 .
Therefore the components of the quantum velocity can be written just as:





A− A) | δs 〉 .
The quantum angular speed turns out to be independent of the parameter also:
ω(δs) = ‖ v⊥(δs) ‖ = 1~ 〈 δs |
(
A−A)2 | δs 〉1/2 = 1
~
〈 e+ i δsA/~ (A−A)2 e− i δsA/~ 〉1/2 =
= 1
~
〈 (A−A)2 e+ i δsA/~ e− i δsA/~ 〉1/2 = 1
~
〈 (A−A)2 〉1/2 = 1
~
∆〉A .
Here ∆〉A is a short notation for the standard deviation of A in the state 〉 .
So, we have proved the important
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T h e o r e m. Standard deviation of the generator of one-parameter unitary group is equal to the quantum angular
speed, multiplied by Planck’s constant ~ . And both quantities remain conserved under the action of the group.
Determine now, how different can become the initial 〉 and final | δs 〉 vectors. The triangle inequality, in usual
way, is generalized to arbitrary curves [12]. Therefore, the angle between initial and final vectors cannot be greater
than increment of parameter, multiplied by quantum angular speed:
∠
( | δs 〉 , 〉 ) 6 |δs| 1
~
∆〉A . (9)
For physical applications it is convenient to introduce some qualitative border, when two state vectors can be
considered different substantially. So, we will say that two vectors are different substantially, if the angle between
them is greater or equal to 1 .
Let us reformulate inequality (9) as the following theorem.
T h e o r e m. (certainty principle) So that under the action of strongly continuous one-parameter unitary group
U(δs) = e− i δsA/~ the initial state vector 〉 changes substantially, it is necessary to satisfy the inequality:
|δs|∆〉A > ~ . (10)
This theorem is easily generalized to the case when the group is many-parameter. Namely, if δs and A have
matrix indices, implying summation, then the inequality (10) can be re-written for this case a little differently:
∆〉( δsj Aj ) > ~ .
And here δsj are the so called logarithmic coordinates of the group.
It is worth also to mention the following. When proving the theorem we supposed that quantum velocity is well-
defined, i. e. the corresponding derivative of the vector with respect to the parameter exists and belongs to the
Hilbert space. But, if the generator is an unbounded operator, for some state vectors it can be not so. Nevertheless,
the statement of the theorem turns out to be true even in this case, because in this case the value ∆〉A turns out
to be infinite. Therefore, when parameter is not equal to zero, in the left part of the inequality we have infinity
(which is, of course, greater than Planck’s constant).
So, the statement of the theorem turns out to be true for any state vector 〉 and any (self-adjoint) generator A .
Subgroups of the Poincare group
The theorem presented at the end of the previous section is the most general formulation of the certainty principle.
But in different situations the unitary group under consideration can be representation of some concrete physical
symmetry group. The most important example is Poincare group, for which the general certainty relation (5) was
already presented above. This group has some physically important subgroups, which are so practically important,
that we will discuss them here in more detail.
Space translations. It is known that generators of three parameter group of space translations are components
of the vector operator of momentum P1 , P2 and P3 . Consequently, the certainty relation is written as
∆〉( δx1 P1 + δx2 P2 + δx3 P3 ) > ~ . (11)
Here numbers δx1 , δx2 and δx3 form components of the vector that defines the translation.
If we suppose now that δx2 = δx3 = 0 , and also omit the index, then the inequality (11) can be written as:
|δx|∆〉P > ~ .
Suppose now, that for the system under consideration we were able to find some observable X , that can be
considered in some sense a “coordinate operator”. This supposition is accepted as undoubted in non-relativistic
quantum mechanics. In contrast, in relativistic quantum mechanics there is no natural notion of coordinate.8 It
8This is true even for Dirac’s electron. Superposition of positive- and negative-frequency solutions of Dirac’s equation does not have
any physical meaning, and therefore there is no observable described by “operator of multiplication by variable x ”.
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is possible, for example, to form from generators of the Poincare group some vector operator, to which in classical
mechanics coordinates of the center of mass correspond. But it should be understood that it will have some unusual
properties. For example, its coordinates will not commute with each other.
Suppose that X is a self-adjoint operator with continuous spectrum, X = X∗ . Let us denote Ω(a,b) its spectral
projector9 for an arbitrary real interval (a, b) .
Suppose also that X , being a coordinate, behaves in usual way under action of translations, namely, for any a ,
b and δx we have equality:
e+ i δx P/~ Ω(a+δx,b+δx) e
− i δx P/~ = Ω(a,b) ,
i. e. P is a “generator of spectral shifts” for X .
Suppose now that the system is in state 〉 , 〈 | 〉 = 1 .
The quantity 〈Ω(a,b) 〉 , obviously, defines the probability to find the system inside the interval (a, b) . Let us
define such l and r , that
〈Ω(−∞,l) 〉 = 〈Ω(r,+∞) 〉 = 1−sin 12 ≈ 0, 07926 . . .
It is easy to see, that l and r exist10. So, the quantity δ〉X = r− l can be naturally called “uncertainty” of the
coordinate X .
T h e o r e m. (uncertainty principle) The following inequality takes place:
δ〉X∆〉P > ~ . (12)
In order to prove this theorem let us use (two times) the triangle inequality for the quantum angle:
∠
( 〉 , e− i δ〉X P/~ 〉 ) > ∠ ( Ω(−∞,r) 〉 , Ω(r,+∞) e− i δ〉X P/~ 〉 )−
−∠ ( 〉 , Ω(−∞,r) 〉 ) − ∠ ( e− i δ〉X P/~ 〉 , Ω(r,+∞) e− i δ〉X P/~ 〉 ) =












) − (pi4 − 12) = 1 .
But this means that under action of e− i δ〉X P/~ the vector 〉 changes substantially.
Applying the certainty principle, we directly get (12). 
So, the certainty principle allows to get the alternate inequality (12) describing the uncertainty principle. This
inequality is not equivalent to the Kennard inequality (2).
From formal mathematical point of view, none of the inequalities (2) and (12) is stronger than the other.





1− sin 1 ≈ 0, 398 . . .
Therefore, if we weaken the Kennard inequality (2) by the additional factor 0, 398 (which is usually not very
important for qualitative estimations), then it becomes weaker than (12).
On the other hand, the fraction ∆〉X/δ〉X can be arbitrarily great, or even infinitely great, if the wave packet is
badly localized. In such a situation the Kennard inequality (2), in contrast to the inequality (12), does not give
any estimation for the uncertainty of momentum at all.
So, the inequality (12) is more informative than (2) for qualitative estimations.
Space rotations. The generators of the three-parameter group of space rotations are components of the vector
operator of angular momentum J1 , J2 and J3 . Consequently, the certainty relation is written as
∆〉( δϕ1 J1 + δϕ2 J2 + δϕ3 J3 ) > ~ .
9Roughly speaking, spectral projector is an operator nullifying wave function in X -representation outside of the given interval.
10But, generally speaking, they are not unique. In order to eliminate this non-uniqueness, it is convenient to choose l maximum of
the possible, and r — minimum. Then the distance r − l will be minimum.
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Logarithmic coordinates have here simple geometric interpretation: rotation, described by coordinates δϕ1 , δϕ2
and δϕ3 , can be performed as rotation around the vector with these coordinates by angle equal to the length of
this vector.
If we suppose now that δϕ2 = δϕ3 = 0 and omit the index, then we have:
|δϕ|∆〉J > ~ .
Let us try to get an uncertainty relation by the same scheme as in the case of the group of space translations.
First of all, it is necessary to note, that uncertainty relation in the form “product of uncertainty of angle and
uncertainty of angular momentum is greater or equal to Planck’s constant” can not be suggested, because in a
state, when uncertainty of angular momentum is equal to zero (an eigenstate), “uncertainty of angle” should not
be greater than 2pi .
Furthermore, here we meet the difficulty that it is impossible to introduce a “good” self-adjoint operator of angle.
The number of operators turns out to be infinite (if at least one is defined), but as soon as we fix the choice of one
of them by some condition (for example, that its spectrum is inside the interval from 0 to 2pi ), it turns out to
have quite complicated behaviour under rotations, and analysis of formulas becomes difficult.
So, we will not choose here one from the infinite set of operators of angle, but will imply that we talk about the
whole infinite set. For this infinite set we will use symbolic notation Φ .
Such an approach does not meet difficulties, because when deriving uncertainty relation we in fact operate with
spectral measure (the set of spectral projectors). And this spectral measure for all operators of angle is the same
in essence. Just argument of this measure is not an interval of the real line, as in the case of coordinate operator,
but a segment of circle. And real coordinate on the circle should be understand up to addition of 2pi . So, the
spectral measure satisfies relation:
Ω(a+2pi,b+2pi) = Ω(a,b) .
Suppose also that the operator J of angular momentum is a “generator of spectral rotations” for Φ :
e+ i δϕ J/~ Ω(a+δϕ,b+δϕ) e
− i δϕ J/~ = Ω(a,b) .
The quantity 〈Ω(a,b) 〉 , obviously, defines the probability to find the system inside the angle segment (a, b) . Sup-
pose now that there is such a small segment (l, r) , where mainly the probability to find the system is concentrated.
Namely, suppose that the probability to find the system in the alternate segment is:
〈Ω(r,l+2pi) 〉 = 1−sin 12 ≈ 0, 07926 . . .
If r and l were chosen so that the quantity δ〉Φ = r − l is minimum, then δ〉Φ can be naturally called
“uncertainty” of the angle Φ .
T h e o r e m. (uncertainty principle for angle and angular momentum) The following inequality takes place:
δ〉Φ > min ( ~ /∆〉J ; pi ) . (13)
Consider the case, when δ〉Φ 6 pi . In this case the rotated angle segment (l, r) will not overlap with the
non-rotated one, and we can apply the same estimation technique for quantum angle as in the case of translations.
So, let us use (two times) the triangle inequality for the quantum angle:
∠
( 〉 , e− i δ〉Φ J/~ 〉 ) > ∠ ( Ω(l,r) 〉 , Ω(r,r+δ〉Φ) e− i δ〉ΦJ/~ 〉 )−
−∠ ( 〉 , Ω(l,r) 〉 ) − ∠ ( e− i δ〉Φ J/~ 〉 , Ω(r,r+δ〉Φ) e− i δ〉Φ J/~ 〉 ) =












) − (pi4 − 12) = 1 .
But this means that under action of e− i δ〉ΦJ/~ the vector 〉 is changed substantially.
Applying the certainty principle, we directly get (13). 
We see that the certainty principle allows to easily get also the simple uncertainty relation for angle and angular
momentum.
It should be noted that attempt [16] to get an uncertainty relation for angle and angular momentum by analogy
with the Kennard inequality (2) leads to quite complicated formulas. Namely, if we fix the self-adjoint operator of
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〈 e+ i δϕ J/~ Φ2 e− i δϕ J/~ 〉 ,











For investigation of semiclassical limit the inequality (13) turns out to be more convenient than (14), because allows
to use weaker conditions for localization of wave packet.
Time shifts. Poincare group includes as a subgroup one-parameter group of shifts in time. It is natural to expect
that the certainty principle has corresponding mathematical expression in this case. And this is really so.
But our discussion here is complicated by the circumstance that all educational literature on both classical and
quantum mechanics is oriented to resolving of problems of dynamics only. And the notion of dynamical state is
necessarily attributed to some moment of time. Such approach hides relativistic invariance. So, the notion of time
shifts becomes senseless.
Completely self-consistent, from this point of view, are invariant Hamiltonian formalism (in the case of the classical
mechanics) and relativistic canonical quantization (RCQ) (in the case of relativistic quantum field theory). In these
approaches the theory includes not only time shifts, but also Lorentz boosts. But, so far as most physicists are
not well-acquainted with such approaches now, here we will discuss some intermediate approach that is in essence
based on Heisenberg representation. (Lorentz boosts we will not consider in this review at all.)
Usually, dynamical state St in some moment of time t is understood as some set of values, that can be measured
in the moment t by some set of apparatuses, and that define the whole subsequent evolution of the system
(i. e. analogous sets of values in subsequent moments of time). In classical mechanics dynamical state is usually
described either by set of coordinates and velocities (Lagrangian formalism) or by set of coordinates and momenta
(Hamiltonian formalism). In other words, dynamical state in a given moment of time is defined by a point on some
manifold, which is called phase space. In quantum mechanics dynamical state is described by vector in Hilbert
space.
When we have the question about description of the group of space motions on the space of dynamical states in
some moment of time, we usually think in the following way. Suppose a set of physical apparatuses K , which
measures the full set of dynamical variables of the system under consideration, under action of some motion G
transferred to K ′ , G : K → K ′ . And suppose for some dynamical state of the system S we have dynamical
state S′ , such that the set of apparatuses K ′ , which measures parameters of the state S′ , gives the same results
as K , which measures parameters of the state S . Then we say that under action of the transformation G state
S transfers to S′ . Symbolically we can write it as:
G : K → K ′ , K(S) = K ′(S′) =⇒ G : S → S′ .
Exactly in this way the action of space translations and rotations is introduced, described above.
It seems, it would be natural to apply this definition to the group of time shifts:
G : Kt1 → Kt2 , Kt1(St1) = Kt2(St2) =⇒ G : St1 → St2 .
But this definition turns out to be not very useful, because it turns out to be purely formal and with no connection
with dynamics.
Let us improve a little the definition of dynamical state given above. Let us suppose that if some dynamical state
St1 is transferred by evolution to St2 , then St1 and St2 describe the same dynamical state. In other words,
dynamical state is just some abstract set of values (not necessarily connected with measurements in a concrete
moment of time) defining evolution of the system. When we talk about quantum systems, we can think that
dynamical state is just described by Heisenberg vector of state.
If the system is closed, its Hamiltonian does not depend on time, and it commutes with space motions. Therefore
the theory of space motions, described in the previous sections, can be applied in this case. And what is more, the
group of time shifts is joined here, which is described by the family of operators:
U(δt) = e− i δt (−H)/~ .
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It should be noticed that generator of this group is Hamiltonian with sign “minus”. An operator, describing action
of the group under consideration, is reciprocal of the operator, describing evolution in Schro¨dinger equation. We
can say that here the group acts actively, but in the Schro¨dinger representation it acts passively.
The certainty relation for the group of time shifts takes the form:
|δt|∆〉H > ~ . (15)
If we look at this relation from the point of view of the Schro¨dinger representation (but doing so we lose connection
with Poincare group), then this relation turns out to be exactly the Mandelshtam-Tamm relation [6] for the speed
of quantum evolution.
So, the Mandelshtam-Tamm relation for the case of closed systems is a consequence of the certainty principle.
Let us consider now non-closed systems. The Mandelshtam-Tamm relation for the speed of quantum evolution
(derived in the Schro¨dinger representation) is naturally generalized for this case. Let us denote Hamiltonian for this
case as H full . So far as the quantity ∆|t〉H
full , generally speaking, depends on time, it should be just averaged:
|τ |∆|t〉H full > ~ . (16)
Here τ is the time interval of evolution (it does not have meaning of logarithmic coordinate on any group).
The certainty principle in this situation, formally, turns out to be not applicable. But, in practical situations, when
we consider non-closed quantum systems, their Hamiltonian can be usually represented as sum of two terms, the
Hamiltonian of “free” system and Hamiltonian of interaction “with external classical field”:
H full = H +H int .
And usually the Hamiltonian of interaction H int can be “turned off”.
In this case it is natural to connect the notion of dynamical state of the system with its evolution when Hamiltonian
of interaction is turned off (though, the state can be considered in a concrete moment of time, without turning
off the Hamiltonian of interaction). Correspondingly, the certainty relation (15) remains the same. Its meaning
becomes somewhat more abstract, with no direct connection with the Mandelshtam-Tamm relation (16).
In the end, let us note that Mandelshtam and Tamm derived their relation by direct estimation of the scalar product
of the initial and final vectors of state. They did not use the theory of Fubini-Study metric. Such a derivation
turns out to be substantially shorter. But geometrical nature of the result turns out to be quite hidden. This
additionally complicates interpretation (in addition to the more serious disadvantage: interpretation based on the
Schro¨dinger equation).
Derivation of the Mandelshtam-Tamm relation (in the frame of the Schro¨dinger equation), based on Fubini-Study
metric, was given later by Anandan and Aharonov [18]. They did not give the reference to Mandelshtam and
Tamm. So, in the western literature this relation is often erroneously called the Anandan-Aharonov relation.
Acknowledgements
In closing I want to thank A. Kleyn, S. Lorenz, T. A. Bolokhov, A. V. Ossipov, E. V. Aksyonova, A. Yu. Tosche-
vikova, M. Gatti, and A. K. Pati for helpful discussions, references and help in procuring literature.
References
[1] J. Hilgevoord, J. Uffink “The uncertainty principle”, in The Stanford encyclopedia of philosophy, ed. E. N. Zalta
(2001), http://plato.stanford.edu/archives/win2001/entries/qt-uncertainty/ .
[2] W. Heisenberg “U¨ber den anschaulichen Inhalt der quantentheoretischen Kinematik and Mechanik”, Zeitschrift
fu¨r Physik 43, 172-198 (1927). (cited in [1])
[3] E. H. Kennard “Zur Quantenmechanik einfacher Bewegungstypen”, Zeitschrift fu¨r Physik 44, 326-352 (1927).
(cited in [1])
[4] W. Pauli “Die allgemeinen Prinzipien der Wellenmechanik”, in Handbuch der Physik, eds. K. Geiger and
H. Scheel, 2nd edition, v. 245, Berlin: Springer (1933). (cited in [1])
— August, 2006 — — D. A. Arbatsky “The certainty principle (review)” — — 10 —
[5] Yu. I. Vorontsov
”
Sootnoshenie neopredelyonnosti energiya - vremya izmereniya“, UFN 133(2), 351-365 (1981),
http://www.ufn.ru/archive/russian/abstracts/abst5151.html .
[6] L. I. Mandelshtam, I. E. Tamm, “The uncertainty relation between energy and time in nonrelativistic quantum
mechanics”, J. Phys. (USSR) 9, 249-254 (1945).
[Rus.: L. I. Mandelshtam, I. E. Tamm
”
Sootnoshenie neopredelyonnosti energiya-vremya v nerelyativistskoy
kvantovoy mekhanike“, Izv. Akad. Nauk SSSR (ser. fiz.) 9, 122-128 (1945), in [7], p. 306-315.]
[7] L. I. Mandelshtam, Polnoe sobranie trudov, v. 2, M.-L. (1947).
[8] D. A. Arbatsky “On quantization of electromagnetic field”, Font. Phys. 42, 3-45 (2002),
http://daarb.narod.ru/qed-eng.html , http://wave.front.ru/qed-eng.html , arXiv:math-ph/0402003 .
[Rus.: D. A. Arbatsky
”
O kvantovanii elektromagnitnogo polya“ (2002),
http://daarb.narod.ru/qed-rus.html , http://wave.front.ru/qed-rus.html , arXiv:math-ph/0402003 .]
[9] D. A. Arbatsky “What is “relativistic canonical quantization”?” (2005),
http://daarb.narod.ru/wircq-eng.html , http://wave.front.ru/wircq-eng.html , arXiv:math-ph/0503029 .




relyativistskoe kanonicheskoe kvantovanie“?“ (2005),
http://daarb.narod.ru/wircq-rus.html , http://wave.front.ru/wircq-rus.html , arXiv:math-ph/0503029 .]
[10] T. D. Newton, E. P. Wigner “Localized states for elementary systems”, Rev. Mod. Phys. 21(3), 400-406 (1949).
[Rus.:
”
Lokalizovannye sostoyaniya elementarnykh sistem“, in [11], p. 277.]
[11] E. Wigner
”
Etyudy o simmetrii“, M.: Mir (1971). [Eng.: E. P. Wigner “Symmetries and reflections”,
Bloomington-London: Indiana univ. press (1970).]
[12] D. A. Arbatsky “The certainty principle” (2005), Font. Phys. 81, 27-32 (2005),
http://daarb.narod.ru/tcp-eng.html , http://wave.front.ru/tcp-eng.html , arXiv:quant-ph/0506165 .
[Rus.: D. A. Arbatsky
”
Printsip opredelyonnosti“ (2005),
http://daarb.narod.ru/tcp-rus.html , http://wave.front.ru/tcp-rus.html , arXiv:quant-ph/0506165 .]
[13] G. Fubini, Atti Istit. Veneto, 63, 502-513 (1904). (cited in [15])
[14] E. Study, Math. Ann., 60, 321-378 (1905). (cited in [15])
[15] A. L. Onischik
”
Fubini-Study metrika“, Matematicheskaya entsyklopediya, v. 5, ed. I. M. Vinogradov, M.: Sov.
ents. (1985).
[16] D. Judge, Nuovo Cimento 31, 332 (1964). (cited in [17])
[17] A. S. Davydov
”
Kvantovaya mekhanika“, 2-nd ed., M.: Nauka (1973).
[18] J. Anandan, Y. Aharonov “Geometry of quantum evolution”, Phys. Rev. Lett. 65(14), 1697-1700 (1990).





























δ〉Φ > min ( ~ /∆〉J ; pi )
(Arbatsky, 2006)






∆〉 (− δxµ Pµ + 12 δωµν Jµν ) > ~
(Arbatsky, 2005)


























Ïðèíöèï îïðåäåë¼ííîñòè (2005) ïîçâîëèë îñìûñëèòü ñ áîëåå óíäàìåíòàëüíûõ ïîçèöèé êàê ïðèíöèï
íåîïðåäåë¼ííîñòè åéçåíáåðãà (1927), òàê è ñîîòíîøåíèå Ìàíäåëüøòàìà-Òàììà (1945). Â íàñòîÿùåì îáçîðå
äà¼òñÿ ïîäðîáíîå îáúÿñíåíèå è îáñóæäåíèå ïðèíöèïà îïðåäåë¼ííîñòè, îðèåíòèðîâàííîå íà âñåõ èçèêîâ,
êàê òåîðåòèêîâ, òàê è ýêñïåðèìåíòàòîðîâ.
Èñòîðè÷åñêèå êîììåíòàðèè
Ïðèíöèï íåîïðåäåë¼ííîñòè. ×èòàòåëþ, èíòåðåñóþùåìóñÿ èñòîðèåé ïðèíöèïà íåîïðåäåë¼ííîñòè, ðåêîìåíäóåòñÿ
ïîçíàêîìèòüñÿ, íàïðèìåð, ñ îáçîðîì [1℄. Çäåñü æå áóäóò äàíû òîëüêî íåêîòîðûå çàìå÷àíèÿ, âàæíûå ñ òî÷êè
çðåíèÿ äàëüíåéøåãî èçëîæåíèÿ.
Ïðèíöèï íåîïðåäåë¼ííîñòè áûë ïðåäëîæåí åéçåíáåðãîì â 1927 ã. [2℄. Ñàì åéçåíáåðã åãî ñîðìóëèðîâàë
òàê:
• ×åì áîëåå òî÷íî îïðåäåëåíà êîîðäèíàòà, òåì ìåíåå òî÷íî â òî æå âðåìÿ èçâåñòåí èìïóëüñ, è íàîáîðîò.
Ïðè ýòîì äëÿ íåòî÷íîñòåé êîîðäèíàòû è èìïóëüñà áûëî óêàçàíî êà÷åñòâåííîå ñîîòíîøåíèå âèäà:
∆〉X∆〉P ∼ ~ . (1)
åéçåíáåðã, ðàññìàòðèâàÿ êîíêðåòíûå ïðèìåðû, äàë èìåííî êà÷åñòâåííóþ îðìóëèðîâêó. Ïðè ýòîì ñàìîìó
ïîíÿòèþ

íåòî÷íîñòè îí íå äàë òî÷íîãî îïðåäåëåíèÿ.
Âñêîðå Êåííàðä [3℄ äàë òî÷íóþ ìàòåìàòè÷åñêóþ îðìóëèðîâêó äëÿ ñëó÷àÿ êîîðäèíàòû è èìïóëüñà. Ïðåäïîëàãàÿ
ñïðàâåäëèâîñòü

êîììóòàöèîííîãî ñîîòíîøåíèÿ [X,P ] = i~ , îí ïîêàçàë, ÷òî äëÿ ïðîèçâîëüíîãî êâàíòîâîãî








X − 〈X〉 )2〉1/2 , ∆〉P =
〈(
P − 〈P 〉 )2〉1/2 .
Òî åñòü, â ñîîòâåòñòâèè ñ âåðîÿòíîñòíîé èíòåðïðåòàöèåé êâàíòîâîé ìåõàíèêè, ïîä íåòî÷íîñòÿìè êîîðäèíàòû
è èìïóëüñà ïðåäëàãàëîñü ïîíèìàòü ñðåäíåêâàäðàòè÷íûå îòêëîíåíèÿ ýòèõ íàáëþäàåìûõ.
Ââèäó èñêëþ÷èòåëüíîé ïðîñòîòû äîêàçàòåëüñòâà, ñîîòíîøåíèå (2) ñòàëî îáùåïðèçíàííûì ìàòåìàòè÷åñêèì
âûðàæåíèåì ïðèíöèïà íåîïðåäåë¼ííîñòè è ïîïàëî âî âñå ó÷åáíèêè êâàíòîâîé ìåõàíèêè. Ïðè ýòîì âñåâîçìîæíàÿ
êðèòèêà (â òîì ÷èñëå â ïëàíå ñîîòâåòñòâèÿ ïðàêòè÷åñêîìó ýêñïåðèìåíòó) [1℄ îêàçàëàñü áîëåå èëè ìåíåå
ïðîèãíîðèðîâàííîé. Îäíàêî, ñêîðî ìû óâèäèì, ÷òî ïðèíöèï îïðåäåë¼ííîñòè ïîçâîëÿåò ïîëó÷àòü àëüòåðíàòèâíûå
íåðàâåíñòâà, îïèñûâàþùèå ïðèíöèï íåîïðåäåë¼ííîñòè, êîòîðûå îêàçûâàþòñÿ áîëåå ñîäåðæàòåëüíûìè ñ ïðàêòè÷åñêîé
òî÷êè çðåíèÿ.
Äàëåå ìàòåìàòè÷åñêîå äîêàçàòåëüñòâî ðàçëè÷íûì îáðàçîì îáîáùàëîñü. Ïðè ýòîì îíî ðàñïðîñòðàíÿëîñü








• Åñëè ïîïûòàòüñÿ îïèñûâàòü äèíàìè÷åñêîå ñîñòîÿíèå êâàíòîâîé ÷àñòèöû ìåòîäàìè êëàññè÷åñêîéìåõàíèêè,
òî òî÷íîñòü òàêîãî îïèñàíèÿ ïðèíöèïèàëüíî îãðàíè÷åíà. Êëàññè÷åñêîå ñîñòîÿíèå ÷àñòèöû îêàçûâàåòñÿ
ïëîõî îïðåäåë¼ííûì. Ýòà íåîïðåäåë¼ííîñòü ìîæåò áûòü ìàòåìàòè÷åñêè âûðàæåíà ðàçëè÷íûìè íåðàâåíñòâàìè,
îïèñûâàþùèìè ðàçáðîñ çíà÷åíèé íàáëþäàåìûõ, èìåþùèõ êâàçèêëàññè÷åñêèé ïðåäåë.
àçóìååòñÿ, åéçåíáåðã íå ìîã ñîðìóëèðîâàòü ïðèíöèï íåîïðåäåë¼ííîñòè â òàêîé îðìå. Ýòî áû ïðîòèâîðå÷èëî
ëîãèêå èñòîðè÷åñêîãî ìîìåíòà. Âåäü â 1927 ãîäó èçèêà ïåðåõîäèëà îò êëàññè÷åñêîé ìåõàíèêè ê êâàíòîâîé,
è ïðèíöèï íåîïðåäåë¼ííîñòè âîñïðèíèìàëñÿ êàê ïóòü èç ñòàðîé òåîðèè â íîâóþ.
Ñåãîäíÿ æå, êîãäà êâàíòîâàÿ ìåõàíèêà óæå ñîñòîÿëàñü, ïðèíöèï íåîïðåäåë¼ííîñòè ÿâëÿåòñÿ âñåãî ëèøü
ìåòîäîì êà÷åñòâåííîé îöåíêè òî÷íîñòè êâàçèêëàññè÷åñêîãî ïðèáëèæåíèÿ. È íåò íèêàêèõ îñíîâàíèé ñ÷èòàòü
ýòîò ïðèíöèï áîëåå óíäàìåíòàëüíûì, ÷åì ñàì ìàòåìàòè÷åñêèé àïïàðàò êâàíòîâîé ìåõàíèêè.
Ñîîòíîøåíèå Ìàíäåëüøòàìà-Òàììà. Ïîñêîëüêó äëÿ êîîðäèíàòû è èìïóëüñà ñóùåñòâóåò ñîîòíîøåíèå
íåîïðåäåë¼ííîñòåé âèäà (1), îáùèå ñîîáðàæåíèÿ, ñâÿçàííûå ñ òåîðèåé îòíîñèòåëüíîñòè,
2
óêàçûâàþò, ÷òî,
ïî-âèäèìîìó, äîëæíî ñóùåñòâîâàòü è ñîîòíîøåíèå íåîïðåäåë¼ííîñòåé äëÿ âðåìåíè è ýíåðãèè âèäà:
∆〉T ∆〉H ∼ ~ . (3)
Ñàì åéçåíáåðã óêàçàë íà òàêîå ñîîòíîøåíèå. Îäíàêî, óæå â òî âðåìÿ áûëî ÿñíî [4℄, ÷òî ñ äàííûì ñîîòíîøåíèåì
äåëî îáñòîèò ñëîæíåå, òàê êàê íå ñóùåñòâóåò êâàíòîâîìåõàíè÷åñêîé íàáëþäàåìîé





Òåì íå ìåíåå, èçèêàì âñ¼ æå õîòåëîñü âåðèòü, ÷òî ïðèíöèï íåîïðåäåë¼ííîñòè ÿâëÿåòñÿ óíäàìåíòàëüíûì
èçè÷åñêèì ïðèíöèïîì, à ïîòîìó ïîïûòêè îáîñíîâàòü ñîîòíîøåíèå (3) íå ïðåêðàùàëèñü äî ñàìîãî ïîñëåäíåãî
âðåìåíè. Ïðè ýòîì îíè â îñíîâíîì ñâîäèëèñü ê ïîïûòêàì ïîêàçàòü, ÷òî ïîíÿòèå

íåîïðåäåë¼ííîñòü âðåìåíè
ÿâëÿåòñÿ îñìûñëåííûì. È ýòî îñìûñëåíèå îáû÷íî ïðîâîäèëîñü ïóò¼ì àíàëèçà ïðîöåññà èçìåðåíèÿ, òî åñòü
ê àíàëèçó âçàèìîäåéñòâèÿ êâàíòîâîé ÷àñòèöû ñ ïðèáîðîì òèïà ìèêðîñêîïà åéçåíáåðãà. (ïîäðîáíûé îáçîð
ñ êðèòè÷åñêèì àíàëèçîì ñì. â [5℄)
Íåëüçÿ ñêàçàòü, ÷òî ýòè ïîïûòêè áûëè áåçóñïåøíûìè. Òåì íå ìåíåå, äóìàåòñÿ, òàêîé ïîäõîä íå ñîîòâåòñòâóåò
îáùåé ìåòîäîëîãèè êâàíòîâîé ìåõàíèêè. Äåëî â òîì, ÷òî àíàëèòè÷åñêèé àïïàðàò êâàíòîâîé ìåõàíèêè îðèåíòèðîâàí
íà èçó÷åíèå êâàíòîâûõ ñèñòåì êàê ñàìîñòîÿòåëüíûõ èçè÷åñêèõ ñóùíîñòåé. Ýòîò àíàëèòè÷åñêèé àïïàðàò
äèñòàíöèðóåòñÿ îò ïîäðîáíîñòåé âçàèìîäåéñòâèÿ ïðèáîðîâ ñ èçó÷àåìîé ñèñòåìîé.
Â 1945 ã. Ìàíäåëüøòàì è Òàìì [6℄ äàëè ñòðîãóþ ìàòåìàòè÷åñêóþ îðìóëèðîâêó ñîîòíîøåíèÿ âèäà
3
|δt|∆〉H > ~ . (4)
Ìàíäåëüøòàì è Òàìì íàçâàëè ýòî ñîîòíîøåíèå

ñîîòíîøåíèåì íåîïðåäåë¼ííîñòè ýíåðãèÿ-âðåìÿ â íåðåëÿòèâèñòñêîé
êâàíòîâîé ìåõàíèêå, ïîñêîëüêó, î÷åâèäíî, ïîëàãàëè, ÷òî íàøëè ìàòåìàòè÷åñêîå âûðàæåíèå ïðèíöèïà íåîïðåäåë¼ííîñòè
äëÿ ýíåðãèè è âðåìåíè. Ñîîòâåòñòâåííî, äàëüíåéøèå ïîïûòêè îáîñíîâàòü ñîîòíîøåíèå íåîïðåäåë¼ííîñòè
ýíåðãèÿ-âðåìÿ â îñíîâíîì ÿâëÿëèñü ïîïûòêàìè ïîêàçàòü, ÷òî âåëè÷èíà δt â ñîîòíîøåíèè Ìàíäåëüøòàìà-
Òàììà ìîæåò â òîì èëè èíîì ñìûñëå ïîíèìàòüñÿ êàê

íåîïðåäåë¼ííîñòü âðåìåíè.
Îäíàêî, ÿ âñ¼ æå ïîëàãàþ, ÷òî íàçûâàòü ñîîòíîøåíèå Ìàíäåëüøòàìà-Òàììà ñîîòíîøåíèåì íåîïðåäåë¼ííîñòåé
íåò äîñòàòî÷íî óáåäèòåëüíûõ îñíîâàíèé. Êàê áûëî ñêàçàíî âûøå, ïðèíöèï íåîïðåäåë¼ííîñòè íå áîëåå óíäàìåíòàëåí,
÷åì ñàì ìàòåìàòè÷åñêèé àïïàðàò êâàíòîâîé ìåõàíèêè. Áîëåå òîãî, àíàëèç ðåëÿòèâèñòñêèõ êâàíòîâûõ ñèñòåì
ïîêàçûâàåò, ÷òî îí ìåíååóíäàìåíòàëåí. Ïîýòîìó íåò îñíîâàíèé ñ÷èòàòü, ÷òî óíäàìåíòàëüíîå ñîîòíîøåíèå
íåîïðåäåë¼ííîñòåé âèäà (3) äîëæíî ñóùåñòâîâàòü.
Ñêîðî ìû óâèäèì, ÷òî ñîîòíîøåíèå Ìàíäåëüøòàìà-Òàììà â ñëó÷àå çàìêíóòûõ ñèñòåì ÿâëÿåòñÿ ïðîÿâëåíèåì
èíîãî èçè÷åñêîãî ïðèíöèïà, ïðèíöèïà îïðåäåë¼ííîñòè, êîòîðûé áîëåå óíäàìåíòàëåí, ÷åì ïðèíöèï íåîïðåäåë¼ííîñòè
åéçåíáåðãà. Ïðè ýòîì âåëè÷èíà δt , èãóðèðóþùàÿ â íåðàâåíñòâå (4), ïðè ïåðåõîäå îò ïðåäñòàâëåíèÿ
Øð¼äèíãåðà ê ïðåäñòàâëåíèþ åéçåíáåðãà (èëè ê ÊÊ-ïðåäñòàâëåíèþ) îêàçûâàåòñÿ ëîãàðèìè÷åñêîé êîîðäèíàòîé
1
Òàêàÿ îðìóëèðîâêà íå òîëüêî ïîçâîëÿåò ÿñíåå ïîíÿòü, ÷òî æå èìåííî ÿâëÿåòñÿ

íåîïðåäåë¼ííûì, íî è ïîçâîëÿåò óâèäåòü
ÿñíî êîíòðàñò ñ ïðèíöèïîì îïðåäåë¼ííîñòè.
2
Ñêîðî ìû, îäíàêî, óâèäèì, ÷òî ýòè ñîîáðàæåíèÿ íåâåðíû, èáî ñàìî ñóùåñòâîâàíèå ïðèíöèïà íåîïðåäåë¼ííîñòè ñâÿçàíî ñî
ñïåöèè÷åñêèìè îñîáåííîñòÿìè íåðåëÿòèâèñòñêîãî ïðèáëèæåíèÿ.
3
Çäåñü îíî çàïèñàíî íåñêîëüêî èíà÷å, ÷òîáû ÿñíåå áûëà âèäíà ñâÿçü ñ äàëüíåéøèì.
 Àâãóñò 2006 ã. 
 Ä. À. Àðáàòñêèé

Ïðèíöèï îïðåäåë¼ííîñòè (îáçîð) 
 2 
íà ãðóïïå Ïóàíêàðå. Äëÿ íåêîòîðûõ öåëåé å¼ ìîæíî èíòåðïðåòèðîâàòü êàê

íåîïðåäåë¼ííîñòü âðåìåíè, íî
â ýòîì, âîîáùå ãîâîðÿ, íåò íóæäû.
×òî êàñàåòñÿ íåçàìêíóòûõ ñèñòåì, ó êîòîðûõ ãàìèëüòîíèàí ïðîèçâîëüíî çàâèñèò îò âðåìåíè, ñîîòíîøåíèå
Ìàíäåëüøòàìà-Òàììà ñëåäóåò ñ÷èòàòü ñîîòíîøåíèåì äëÿ ñêîðîñòè êâàíòîâîé ýâîëþöèè. Ïðè ýòîì îíî ÿâëÿåòñÿ
âïîëíå ñàìîñòîÿòåëüíûì ñîîòíîøåíèåì, ìàòåìàòè÷åñêè íå-ýêâèâàëåíòíûì ñîîòíîøåíèþ îïðåäåë¼ííîñòè äëÿ
âðåìåíè è ýíåðãèè.
Ïðèíöèï îïðåäåë¼ííîñòè. Êîãäà âñòà¼ò âîïðîñ î ïðèìåíåíèè ñîîáðàæåíèé, ñâÿçàííûõ ñ òåîðèåé îòíîñèòåëüíîñòè,
â êâàíòîâîé ìåõàíèêå, ñòîèò çàäóìàòüñÿ î òîì, ÷òî íàì âîîáùå èçâåñòíî ïðî ðåëÿòèâèñòñêóþ èíâàðèàíòíîñòü
â êâàíòîâîé òåîðèè.
ðóïïîé èíâàðèàíòíîñòè ïðîñòðàíñòâà Ìèíêîâñêîãî
4
ÿâëÿåòñÿ ãðóïïà Ïóàíêàðå. Èìåííî ñ èíâàðèàíòíîñòüþ
ïî îòíîøåíèþ ê ýòîé ãðóïïå çàêîíîâ ïðèðîäû âîîáùå, è êâàíòîâîé ìåõàíèêè â ÷àñòíîñòè, ñâÿçûâàåòñÿ
ïîíÿòèå ðåëÿòèâèñòñêîé èíâàðèàíòíîñòè.
Âñå èçè÷åñêè ñîäåðæàòåëüíûå êâàíòîâûå ñèñòåìû, íà êîòîðûå ðàñïðîñòðàíÿåòñÿ äåéñòâèå ãðóïïû Ïóàíêàðå,
èçâåñòíûå äî ñèõ ïîð, ÿâëÿþòñÿ êâàíòîâûìè ïîëÿìè (ëèáî èõ ïîäñèñòåìàìè). Ïðè ýòîì äî 2002 ãîäà ìàòåìàòè÷åñêîå
êîíñòðóèðîâàíèå êâàíòîâûõ ïîëåé ïðîèçâîäèëîñü ïî òàêèì ðåöåïòàì
5
, êîòîðûå äåëàëè äåéñòâèå ãðóïïû
Ïóàíêàðå íà ïðîñòðàíñòâå ñîñòîÿíèé êâàíòîâàííîãî ïîëÿ ñêðûòûì. Ôàêòè÷åñêè, èçèêè äîâîëüñòâîâàëèñü
óòâåðæäåíèåì, ÷òî ãðóïïà Ïóàíêàðå äåéñòâóåò íà ïðîñòðàíñòâå ñîñòîÿíèé íåÿâíî, ïî íåêîòîðûì äîâîëüíî
ñëîæíûì îðìóëàì.
Ñ ïîÿâëåíèåì ðåëÿòèâèñòñêîãî êàíîíè÷åñêîãî êâàíòîâàíèÿ (ÊÊ) [8℄ (äëÿ íà÷àëüíîãî îçíàêîìëåíèÿ ðåêîìåíäóåòñÿ
îáçîð [9℄) ñòàëî, îäíàêî, ïîíÿòíî, êàêèì îáðàçîì äåéñòâèå ãðóïïû Ïóàíêàðå ïåðåíîñèòñÿ ñ ïðîñòðàíñòâà
Ìèíêîâñêîãî íà ïðîñòðàíñòâî ñîñòîÿíèé êâàíòîâàííîãî ïîëÿ.
6
Ñòàëî òàêæå î÷åâèäíûì ñëåäóþùåå:
• Ïîíÿòèå êîîðäèíàòû, êàê êâàíòîâîìåõàíè÷åñêîé íàáëþäàåìîé, äëÿ ðåëÿòèâèñòñêèõ êâàíòîâûõ ñèñòåì
âîîáùå íå ÿâëÿåòñÿ åñòåñòâåííûì, íå ãîâîðÿ óæå î óíäàìåíòàëüíîñòè. (Ïðåäïðèíèìàâøèåñÿ â ïðîøëîì
ïîïûòêè ââåäåíèÿ êîîðäèíàò äëÿ íåêîòîðûõ ñèñòåì, íàïðèìåð [10℄, ïðåäñòàâëÿþòñÿ äîâîëüíî èñêóññòâåííûìè.)
• Ïî ýòîé ïðè÷èíå ïðèíöèï íåîïðåäåë¼ííîñòè âîîáùå íå ìîæåò áûòü óíäàìåíòàëüíûì, â ïëàíå ðàñïðîñòðàíåíèÿ
åãî íà ðåëÿòèâèñòñêóþ êâàíòîâóþ òåîðèþ.
Îïèðàÿñü íà ìåòîäîëîãèþ ÊÊ, ÿ ñîðìóëèðîâàë [12℄ ïðèíöèï îïðåäåë¼ííîñòè:
• Åñëè îïèñûâàòü äèíàìè÷åñêîå ñîñòîÿíèå êâàíòîâîé ÷àñòèöû (ñèñòåìû) ìåòîäàìè êâàíòîâîé ìåõàíèêè,
òî êâàíòîâîå ñîñòîÿíèå ÷àñòèöû (ñèñòåìû) îêàçûâàåòñÿ õîðîøî îïðåäåë¼ííûì. Ýòà îïðåäåë¼ííîñòü
êâàíòîâîãî äèíàìè÷åñêîãî ñîñòîÿíèÿ îçíà÷àåò, ÷òî

ìàëûå ïðîñòðàíñòâåííî-âðåìåííûå ïðåîáðàçîâàíèÿ
íå ìîãóò ñóùåñòâåííî ìåíÿòü êâàíòîâîå ñîñòîÿíèå. Ïðè ýòîì â ñëó÷àå ãðóïïû Ïóàíêàðå, äëÿ ïðåîáðàçîâàíèé,
ñïîñîáíûõ ñóùåñòâåííî ìåíÿòü êâàíòîâîå ñîñòîÿíèå, ñïðàâåäëèâà îöåíêà
7
:
∆〉 (− δxµ Pµ + 12 δωµν Jµν ) > ~ , (5)
ãäå Pµ  âåêòîðíûé îïåðàòîð ýíåðãèè-èìïóëüñà, Jµν  òåíçîðíûé îïåðàòîð ÷åòûð¼õìåðíîãî ìîìåíòà
èìïóëüñà, δxµ è δωµν  ñòàíäàðòíûå ëîãàðèìè÷åñêèå êîîðäèíàòû ãðóïïû Ïóàíêàðå.
Ïðè ýòîì, ïîñêîëüêó ïðèíöèï îïðåäåë¼ííîñòè ÿâëÿåòñÿ óíèâåðñàëüíûì, îí ïðåêðàñíî ðàáîòàåò è â îáû÷íîé
êâàíòîâîé ìåõàíèêå, â òîì ÷èñëå â íåðåëÿòèâèñòñêîé. Ïîýòîìó êàæåòñÿ óäèâèòåëüíûì, ÷òî ýòîò ïðèíöèï
íå áûë ñîðìóëèðîâàí ðàíüøå. Ýòîìó, îäíàêî, åñòü äâà îáúÿñíåíèÿ.
Âî-ïåðâûõ, ýòîò ïðèíöèï îðìóëèðóåòñÿ åñòåñòâåííî ñ èñïîëüçîâàíèåì áàçîâûõ ïîíÿòèé ÊÊ. Â ÷àñòíîñòè,
ïðè îðìóëèðîâêå ïðèíöèïà îïðåäåë¼ííîñòè ïîíÿòèå äèíàìè÷åñêîãî ñîñòîÿíèÿ íàèáîëåå åñòåñòâåííî ïîíèìàòü
â èíòåðïðåòàöèè ÊÊ. Ýòà òðóäíîñòü, ïî-âèäèìîìó, ÿâëÿëàñü ãëàâíîé.
4




ðåöåïòàì, ïîñêîëüêó îðìàëüíûé ìàòåìàòè÷åñêèé ïðîöåññ âîîáùå îòñóòñòâîâàë.
6
Îòëè÷èòåëüíîé îñîáåííîñòüþ ìåòîäà ÊÊ ÿâëÿåòñÿ èìåííî ïîñòðîåíèå êâàíòîâàííûõ ïîëåé â ðàìêàõ ÷åòûð¼õìåðíîé
ãåîìåòðèè ïðîñòðàíñòâà Ìèíêîâñêîãî, áåç èñêóññòâåííîãî ðàçäåëåíèÿ ïðîñòðàíñòâà è âðåìåíè.
7
Çäåñü è äàëåå ïî ïîâòîðÿþùèìñÿ ãðå÷åñêèì òåíçîðíûì èíäåêñàì ïðåäïîëàãàåòñÿ ðåëÿòèâèñòñêîå ñóììèðîâàíèå:
aµ bµ = a0 b0 − a1 b1 − a2 b2 − a3 b3 .
.
 Àâãóñò 2006 ã. 
 Ä. À. Àðáàòñêèé

Ïðèíöèï îïðåäåë¼ííîñòè (îáçîð) 
 3 
Âî-âòîðûõ, äëÿ òîãî, ÷òîáû ïðèéòè ê ïðèíöèïó îïðåäåë¼ííîñòè èç îáû÷íîé êâàíòîâîé ìåõàíèêè, òðåáóåòñÿ
îïèðàòüñÿ íà òåîðèþ êâàíòîâîãî óãëà (ìåòðèêè Ôóáèíè-Øòóäè). À ñóùåñòâîâàíèå ýòîé ìåòðèêè, õîòÿ è
íåñëîæíî äîêàçûâàåòñÿ, îòíþäü íå ÿâëÿåòñÿ î÷åâèäíûì. Ýòà ìåòðèêà áûëà îòêðûòà òîëüêî â 1905 ãîäó
Ôóáèíè [13℄ è Øòóäè [14℄, è áîëüøèíñòâî èçèêîâ î íåé íå çíàþò.
Ìàòåìàòè÷åñêèé îðìàëèçì
Êâàíòîâûé óãîë (ìåòðèêà Ôóáèíè-Øòóäè). àññìîòðèì åäèíè÷íóþ ñåðó ‖x‖ = 1 â îáû÷íîì
òð¼õìåðíîì åâêëèäîâîì ïðîñòðàíñòâå R3 . àññòîÿíèå, èçìåðåííîå ïî ïîâåðõíîñòè ñåðû, ìåæäó ëþáûìè
äâóìÿ òî÷êàìè ðàâíî óãëó ìåæäó ëó÷àìè, èñõîäÿùèìè èç íà÷àëà êîîðäèíàò è ïðîõîäÿùèìè ÷åðåç äàííûå
òî÷êè.




∠(a, c) 6 ∠(a, b) + ∠(b, c) . (6)
Óãîë â ýòîì ïðèìåðå, êàê èçâåñòíî, âûðàæàåòñÿ ÷åðåç ñêàëÿðíîå ïðîèçâåäåíèå 〈·|·〉 â ïðîñòðàíñòâå R3 ïî
îðìóëå:
∠(a, b) = arccos 〈a|b〉 .
Çäåñü â ïðàâîé ÷àñòè îðìóëû âåêòîðû, êîíöû êîòîðûõ ëåæàò â òî÷êàõ ïåðåñå÷åíèÿ ëó÷åé a è b ñ
åäèíè÷íîé ñåðîé, îáîçíà÷åíû òåìè æå áóêâàìè, ÷òî è ñàìè ëó÷è. Âîçìîæíûå çíà÷åíèÿ óãëà â ýòîì ïðèìåðå
ëåæàò â äèàïàçîíå îò 0 äî pi .
Ïîïðîáóåì òåïåðü ðàññìîòðåòü óãëû íå ìåæäó ëó÷àìè, à ìåæäó ïðÿìûìè, ïðîõîäÿùèìè ÷åðåç íà÷àëî
êîîðäèíàò. Ïðè ýòîì âîçìîæíûå çíà÷åíèÿ óãëà, î÷åâèäíî, áóäóò ëåæàòü â áîëåå óçêîì äèàïàçîíå îò 0 äî
pi/2 . Ôîðìóëà äëÿ óãëà â ýòîì ñëó÷àå íåìíîãî âèäîèçìåíÿåòñÿ:
∠(a, b) = arccos
∣∣〈a|b〉∣∣ . (7)
Áóäåò ëè óãîë â ýòîì ñëó÷àå óäîâëåòâîðÿòü íåðàâåíñòâó òðåóãîëüíèêà (6)? Îòâåò íà ýòîò âîïðîñ íå êàæåòñÿ
íåïîñðåäñòâåííî î÷åâèäíûì, ïîñêîëüêó êàæäîé ïðÿìîé îòâå÷àåò óæå ïàðà òî÷åê íà åäèíè÷íîé ñåðå. Îäíàêî,
ýëåìåíòàðíîå ëîãè÷åñêîå ðàññóæäåíèå ïîçâîëÿåò ñâåñòè ýòîò ïðèìåð ê ïðåäûäóùåìó. Îòâåò îêàçûâàåòñÿ
ïîëîæèòåëüíûì.
Ïîïðîáóåì òåïåðü ïîñìîòðåòü, êàêèì îáðàçîì îáñòîÿò äåëà â òð¼õìåðíîì êîìïëåêñíîì ãèëüáåðòîâîì ïðîñòðàíñòâå
C3 . Âìåñòî âåùåñòâåííûõ ïðÿìûõ â ýòîì ñëó÷àå ìû, î÷åâèäíî, èìååì êîìïëåêñíûå ïðÿìûå, òî åñòü îäíîìåðíûå
êîìïëåêñíûå ïîäïðîñòðàíñòâà. Êàæäîå òàêîå ïîäïðîñòðàíñòâî ïåðåñåêàåòñÿ ñ åäèíè÷íîé ñåðîé ‖x‖ = 1
óæå äàæå íå ïî äâóì, à ïî áåñêîíå÷íîìó ÷èñëó òî÷åê. Ýòè òî÷êè îòëè÷àþòñÿ äðóã îò äðóãà êîìïëåêñíûì
ìíîæèòåëåì, ðàâíûì ïî ìîäóëþ åäèíèöå.
Óãîë ïðè ýòîì îïðåäåëÿåòñÿ òîé æå ñàìîé îðìóëîé (7), íî ñêàëÿðíîå ïðîèçâåäåíèå çäåñü óæå ñîîòâåòñòâóåò
ïðîñòðàíñòâó C3 . Âîçìîæíûå çíà÷åíèÿ óãëà, î÷åâèäíî, òàêæå áóäóò ëåæàòü â äèàïàçîíå îò 0 äî pi/2 .
Áóäåò ëè óãîë è â ýòîì ñëó÷àå óäîâëåòâîðÿòü íåðàâåíñòâó òðåóãîëüíèêà (6)? Îòâåò è íà ýòîò ðàç îêàçûâàåòñÿ
ïîëîæèòåëüíûì. Ýòîò àêò áûë óñòàíîâëåí Ôóáèíè [13℄ è Øòóäè [14℄ (íåñëîæíîå äîêàçàòåëüñòâî òàêæå
èìååòñÿ â [12℄), ïîýòîìó óãîë ìåæäó êîìïëåêñíûìè ïðÿìûìè â ãèëüáåðòîâîì ïðîñòðàíñòâå íàçûâàåòñÿ
ìåòðèêîé Ôóáèíè-Øòóäè.
Âûïîëíåíèå íåðàâåíñòâà òðåóãîëüíèêà, êîíå÷íî, íå çàâèñèò îò ðàçìåðíîñòè ãèëüáåðòîâà ïðîñòðàíñòâà, ïîñêîëüêó
ïðè ïðîâåðêå íåðàâåíñòâà òðåóãîëüíèêà âñåãäà ìîæíî ïåðåéòè ê ñîîòâåòñòâóþùåìó òð¼õìåðíîìó ïîäïðîñòðàíñòâó.
Äàëåå, ïîñêîëüêó â êâàíòîâîé ìåõàíèêå ïðîñòðàíñòâî ñîñòîÿíèé êâàíòîâîé ñèñòåìû H ÿâëÿåòñÿ êîìïëåêñíûì
ãèëüáåðòîâûì ïðîñòðàíñòâîì, ìåòðèêà Ôóáèíè-Øòóäè ìîæåò åñòåñòâåííûì îáðàçîì ðàññìàòðèâàòüñÿ êàê
ìåðà ðàçëè÷íîñòè êâàíòîâûõ ñîñòîÿíèé. Â ýòîì êîíòåêñòå ìû áóäåì íàçûâàòü äàííóþ ìåòðèêó êâàíòîâûì
óãëîì, ïîñêîëüêó ýòî ïîçâîëÿåò îáðàçîâûâàòü åñòåñòâåííûå ñëîâîñî÷åòàíèÿ òèïà

êâàíòîâàÿ óãëîâàÿ ñêîðîñòü.
Êâàíòîâàÿ óãëîâàÿ ñêîðîñòü. Ïóñòü òåïåðü íîðìèðîâàííûé âåêòîð r çàâèñèò îò âåùåñòâåííîãî ïàðàìåòðà
t : t ∈ R , r(t) ∈ H , ‖ r(t) ‖ = 1 .
Îïðåäåëèì êâàíòîâóþ ñêîðîñòü v(t) ðàâåíñòâîì:





 Àâãóñò 2006 ã. 
 Ä. À. Àðáàòñêèé

Ïðèíöèï îïðåäåë¼ííîñòè (îáçîð) 
 4 





r(t + δt) , r(t)
)
| δt | .
×òîáû âûðàçèòü ω(t) ÷åðåç v(t) , ðàçëîæèì v(t) íà äâå îðòîãîíàëüíûå ñîñòàâëÿþùèå:
v‖(t) = r(t) 〈r(t)|v(t)〉 , v⊥(t) = v(t) − v‖(t) .
Äàííîå ðàçëîæåíèå îðìàëüíî âûãëÿäèò òàê æå, êàê è ñîîòâåòñòâóþùåå ðàçëîæåíèå â âåùåñòâåííîì ñëó÷àå,
õîðîøî èçâåñòíîå â êèíåìàòèêå ìàòåðèàëüíîé òî÷êè. Îäíàêî, íà ýòó àíàëîãèþ íåëüçÿ ïîëàãàòüñÿ ñëèøêîì
ñèëüíî. Äåëî â òîì, ÷òî â âåùåñòâåííîì ñëó÷àå íàëè÷èå ïàðàëëåëüíîé êîìïîíåíòû ñêîðîñòè íåïðåìåííî
ñâÿçàíî ñ ïðèðàùåíèåì íîðìû âåêòîðà. Â ðàññìàòðèâàåìîì æå íàìè êîìïëåêñíîì ñëó÷àå âåêòîð ïðåäïîëàãàåòñÿ
âñåãäà ñîõðàíÿþùèì åäèíè÷íóþ íîðìó. Íàëè÷èå æå ïàðàëëåëüíîé êîìïîíåíòû ñêîðîñòè îêàçûâàåòñÿ ñâÿçàííûì
ñ âîçìîæíîñòüþ äîìíîæåíèÿ âåêòîðà íà êîìïëåêñíûé àçîâûé ìíîæèòåëü, ðàâíûé ïî ìîäóëþ åäèíèöå. Òåì
íå ìåíåå, âåðíà ñëåäóþùàÿ
Ò å î ð å ì à. Êâàíòîâàÿ óãëîâàÿ ñêîðîñòü ðàâíà íîðìå îðòîãîíàëüíîé ñîñòàâëÿþùåé êâàíòîâîé ñêîðîñòè:
ω(t) = ‖ v⊥(t) ‖ . (8)
Ïðåæäå ÷åì äîêàçûâàòü ýòó òåîðåìó, çàìåòèì, ÷òî â âåùåñòâåííîì ñëó÷àå ðàâåíñòâî (8) ÿâëÿåòñÿ îïðåäåëåíèåì
óãëîâîé ñêîðîñòè ω . Ïðè ýòîì óãîë â âåùåñòâåííîì ñëó÷àå îïðåäåëÿåòñÿ êàê èíòåãðàë îò óãëîâîé ñêîðîñòè
âäîëü ýêñòðåìàëüíîé äóãè. Ïîñëå ÷åãî óæå îïðåäåëÿåòñÿ òðèãîíîìåòðè÷åñêàÿ óíêöèÿ arccos äëÿ êîíå÷íûõ
óãëîâ.
Íåïîñðåäñòâåííîå ïåðåíåñåíèå òàêîé ëîãèêè íà ñëó÷àé êîìïëåêñíîãî ãèëüáåðòîâà ïðîñòðàíñòâà çàòðóäíèòåëüíî,
ïîñêîëüêó ýêñòðåìàëüíûõ äóã âñåãäà ìíîãî, è íè îäíà èç íèõ íå ÿâëÿåòñÿ ñòîëü ïðîñòîé, ÷òîáû ïîÿâëåíèå
âåùåñòâåííîé óíêöèè arccos áûëî ãåîìåòðè÷åñêè î÷åâèäíî.
Ïîýòîìó çäåñü íàì ïðèõîäèòñÿ èññëåäîâàòü íåïîñðåäñòâåííî áåñêîíå÷íî ìàëûå óãëû, ò. å. ðàáîòàòü âáëèçè
îñîáîé òî÷êè óíêöèè arccos . ×òîáû ýòîãî èçáåæàòü, ìû èñïîëüçóåì ðàâåíñòâî Ïàðñåâàëÿ äëÿ çàìåíû
arccos íà arcsin :
∠
(
r(t+ δt) , r(t)
)
= arccos
∣∣ 〈 r(t + δt) | r(t) 〉 ∣∣ =
= arcsin
∥∥ r(t+ δt)− r(t) 〈 r(t) | r(t + δt) 〉∥∥ =
= arcsin
∥∥ r(t + δt) − r(t) − r(t) 〈 r(t) | r(t + δt)− r(t) 〉∥∥ =
= arcsin
∥∥ v(t) δt + o(δt) − r(t) 〈 r(t) | v(t) δt + o(δt) 〉∥∥ =
= arcsin
∥∥∥ (v(t) − r(t) 〈 r(t) | v(t) 〉) δt + o(δt)
∥∥∥ =
= arcsin
∥∥ v⊥(t) δt + o(δt)∥∥ = arcsin ( ‖v⊥(t)‖ |δt| + o(δt) ) =
= ‖v⊥(t)‖ |δt| + o(δt) .
Äåëÿ íà |δt| , ïîëó÷àåì ðàâåíñòâî (8). 
Íåïðåðûâíûå óíèòàðíûå ãðóïïû. Äîïóñòèì òåïåðü, ÷òî â ïðîñòðàíñòâå ñîñòîÿíèé êâàíòîâîé ñèñòåìû
èìååòñÿ ñàìîñîïðÿæ¼ííûé îïåðàòîð A = A∗ . Ìíîæåñòâî óíèòàðíûõ îïåðàòîðîâ âèäà U(δs) = e− i δsA/~ , ãäå
δs ïðîáåãàåò âñ¼ ìíîæåñòâî âåùåñòâåííûõ ÷èñåë, à ~ ÿâëÿåòñÿ èêñèðîâàííûì ïîëîæèòåëüíûì âåùåñòâåííûì
÷èñëîì (â êâàíòîâîé ìåõàíèêå ýòî ÷èñëî ÿâëÿåòñÿ ïîñòîÿííîé Ïëàíêà), îáðàçóåò ñèëüíî íåïðåðûâíóþ îäíîïàðàìåòðè÷åñêóþ
óíèòàðíóþ ãðóïïó: U(δs1)U(δs2) = U(δs1 + δs2) . Îïåðàòîð A ïðè ýòîì íàçûâàåòñÿ ãåíåðàòîðîì äàííîé
ãðóïïû.
È ïóñòü òåïåðü âåêòîð ñîñòîÿíèÿ èçìåíÿåòñÿ ïîä äåéñòâèåì ðàññìàòðèâàåìîé ãðóïïû:
r(δs) = | δs 〉 = U(δs) 〉 = e− i δsA/~ 〉 .
Çäåñü | δs 〉 ∈ H  äðóãîå îáîçíà÷åíèå âåêòîðà ñîñòîÿíèÿ ïðè ïàðàìåòðå, ðàâíîì δs ; 〉 ∈ H èêñèðîâàííûé
êåò-âåêòîð ñîñòîÿíèÿ.
Áóäåì ïîëàãàòü, ÷òî óíêöèÿ r(δs) äèåðåíöèðóåìà. Òîãäà êâàíòîâàÿ ñêîðîñòü âûðàæàåòñÿ îðìóëîé:
v(δs) = 1i~ Ae
− i δsA/~ 〉 = 1i~ A | δs 〉 .
 Àâãóñò 2006 ã. 
 Ä. À. Àðáàòñêèé

Ïðèíöèï îïðåäåë¼ííîñòè (îáçîð) 
 5 
Ñðåäíåå çíà÷åíèå îïåðàòîðà A íå çàâèñèò îò ïàðàìåòðà:
A = 〈 δs |A | δs 〉 = 〈 e+ i δsA/~ Ae− i δsA/~ 〉 = 〈Ae+ i δsA/~ e− i δsA/~ 〉 = 〈A 〉 .
Ïîýòîìó ñîñòàâëÿþùèå êâàíòîâîé ñêîðîñòè ìîãóò áûòü ïðîñòî çàïèñàíû êàê:





A−A) | δs 〉 .
Êâàíòîâàÿ óãëîâàÿ ñêîðîñòü îêàçûâàåòñÿ òàêæå íåçàâèñÿùåé îò âðåìåíè:
ω(δs) = ‖ v⊥(δs) ‖ = 1~ 〈 δs |
(
A−A)2 | δs 〉1/2 = 1
~
〈 e+ i δsA/~ (A−A)2 e− i δsA/~ 〉1/2 =
= 1
~
〈 (A−A)2 e+ i δsA/~ e− i δsA/~ 〉1/2 = 1
~
〈 (A−A)2 〉1/2 = 1
~
∆〉A .
Çäåñü ∆〉A ÿâëÿåòñÿ ñîêðàù¼ííûì îáîçíà÷åíèåì äëÿ ñðåäíåêâàäðàòè÷íîãî îòêëîíåíèÿ A â ñîñòîÿíèè 〉 .
Òàêèì îáðàçîì, äîêàçàíà âàæíàÿ
Ò å î ð å ì à. Ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå ãåíåðàòîðà îäíîïàðàìåòðè÷åñêîé óíèòàðíîé ãðóïïû ðàâíî
êâàíòîâîé óãëîâîé ñêîðîñòè, óìíîæåííîé íà ïîñòîÿííóþ Ïëàíêà ~ . Ïðè ýòîì îáå ýòè âåëè÷èíû ïðè
äåéñòâèè ãðóïïû îñòàþòñÿ íåèçìåííûìè.
Ïîñìîòðèì òåïåðü, íàñêîëüêî ñèëüíî ìîãóò ðàçîéòèñü íà÷àëüíûé 〉 è êîíå÷íûé | δs 〉 âåêòîðû. Íåðàâåíñòâî
òðåóãîëüíèêà îáû÷íûì îáðàçîì îáîáùàåòñÿ íà ïðîèçâîëüíûå êðèâîëèíåéíûå ïóòè [12℄. Ïîýòîìó óãîë ìåæäó
íà÷àëüíûì è êîíå÷íûì âåêòîðàìè íå ìîæåò áûòü áîëüøå, ÷åì ïðèðàùåíèå ïàðàìåòðà, óìíîæåííîå íà
êâàíòîâóþ óãëîâóþ ñêîðîñòü:
∠
( | δs 〉 , 〉 ) 6 |δs| 1
~
∆〉A . (9)
Äëÿ èçè÷åñêèõ ïðèëîæåíèé ïðåäñòàâëÿåòñÿ óäîáíûì ââåñòè íåêîòîðóþ êà÷åñòâåííóþ ãðàíèöó, ïðè êîòîðîé
äâà âåêòîðà ñîñòîÿíèÿ ìîãóò ñ÷èòàòüñÿ ðàçëè÷àþùèìèñÿ ñóùåñòâåííî. Ïîýòîìó ìû áóäåì ãîâîðèòü, ÷òî äâà
âåêòîðà ðàçëè÷àþòñÿ ñóùåñòâåííî, åñëè óãîë ìåæäó íèìè áîëüøå ëèáî ðàâåí 1 .
Ïåðåîðìóëèðóåì òåïåðü íåðàâåíñòâî (9) â îðìå ñëåäóþùåé òåîðåìû.
Ò å î ð å ì à. (ïðèíöèï îïðåäåë¼ííîñòè) ×òîáû ïîä äåéñòâèåì ñèëüíî íåïðåðûâíîé îäíîïàðàìåòðè÷åñêîé
óíèòàðíîé ãðóïïû U(δs) = e− i δsA/~ íà÷àëüíûé âåêòîð ñîñòîÿíèÿ 〉 èçìåíèëñÿ ñóùåñòâåííî, íåîáõîäèìî,
÷òîáû âûïîëíÿëîñü íåðàâåíñòâî:
|δs|∆〉A > ~ . (10)
Ýòà òåîðåìà ëåãêî îáîáùàåòñÿ è íà ñëó÷àé, êîãäà ãðóïïà ÿâëÿåòñÿ ìíîãîïàðàìåòðè÷åñêîé. Äåéñòâèòåëüíî,
åñëè δs è A èìåþò ìàòðè÷íûå èíäåêñû, ïî êîòîðûì ïðåäïîëàãàåòñÿ ñóììèðîâàíèå, òî íåðàâåíñòâî (10)
äëÿ ýòîãî ñëó÷àÿ ìîæíî çàïèñàòü íåìíîãî èíà÷å:
∆〉( δsj Aj ) > ~ .
Ïðè ýòîì âåëè÷èíû δsj ÿâëÿþòñÿ òàê íàçûâàåìûìè ëîãàðèìè÷åñêèìè êîîðäèíàòàìè äàííîé ãðóïïû.
Ïîëåçíî îòìåòèòü òàêæå ñëåäóþùåå. Ïðè äîêàçàòåëüñòâå òåîðåìû ìû ïðåäïîëàãàëè, ÷òî êâàíòîâàÿ ñêîðîñòü
õîðîøî îïðåäåëåíà, òî åñòü ÷òî ïðîèçâîäíàÿ âåêòîðà ïî ïàðàìåòðó ñóùåñòâóåò è ïðèíàäëåæèò ãèëüáåðòîâó
ïðîñòðàíñòâó. Îäíàêî, åñëè ãåíåðàòîð ÿâëÿåòñÿ íåîãðàíè÷åííûì îïåðàòîðîì, äëÿ íåêîòîðûõ âåêòîðîâ ñîñòîÿíèÿ
ýòî ìîæåò îêàçàòüñÿ è íå òàê. Òåì íå ìåíåå, óòâåðæäåíèå òåîðåìû îêàçûâàåòñÿ âåðíûì è â ýòîì ñëó÷àå,
ïîñêîëüêó â ýòîì ñëó÷àå âåëè÷èíà ∆〉A îêàçûâàåòñÿ áåñêîíå÷íîé. Ïîýòîìó ïðè íåíóëåâîì çíà÷åíèè ïàðàìåòðà
â ëåâîé ÷àñòè íåðàâåíñòâà îêàçûâàåòñÿ áåñêîíå÷íîñòü (êîòîðàÿ, êîíå÷íî, áîëüøå ïîñòîÿííîé Ïëàíêà).
Òàêèì îáðàçîì, ñîäåðæàíèå òåîðåìû îêàçûâàåòñÿ âåðíûì äëÿ ëþáîãî âåêòîðà ñîñòîÿíèÿ 〉 è ëþáîãî (ñàìîñîïðÿæ¼ííîãî)
ãåíåðàòîðà A .
Ïîäãðóïïû ãðóïïû Ïóàíêàðå
Ïðèâåä¼ííàÿ â êîíöå ïðåäûäóùåãî ðàçäåëà òåîðåìà è ÿâëÿåòñÿ ñàìûì îáùèì ìàòåìàòè÷åñêèì âûðàæåíèåì
ïðèíöèïà îïðåäåë¼ííîñòè. Ïðè ýòîì, â çàâèñèìîñòè îò êîíêðåòíîé çàäà÷è, ðàññìàòðèâàåìàÿ óíèòàðíàÿ
ãðóïïà ìîæåò ÿâëÿòüñÿ ïðåäñòàâëåíèåì òîé èëè èíîé èçè÷åñêîé ãðóïïû ñèììåòðèè. Íàèáîëåå âàæíûé
ïðèìåð ïðè ýòîì ïðåäñòàâëÿåò ñîáîé ãðóïïà Ïóàíêàðå, îáùåå ñîîòíîøåíèå îïðåäåë¼ííîñòè äëÿ êîòîðîé (5)
óæå ïðèâîäèëîñü âûøå. Ýòà ãðóïïà èìååò íåêîòîðûå èçè÷åñêè âàæíûå ïîäãðóïïû, êîòîðûå íàñòîëüêî
ïðàêòè÷åñêè âàæíû, ÷òî ìû îáñóäèì èõ çäåñü áîëåå ïîäðîáíî.
 Àâãóñò 2006 ã. 
 Ä. À. Àðáàòñêèé
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Ïðèíöèï îïðåäåë¼ííîñòè (îáçîð) 
 6 
Ïðîñòðàíñòâåííûå òðàíñëÿöèè. åíåðàòîðàìè òð¼õïàðàìåòðè÷åñêîé ãðóïïû ïðîñòðàíñòâåííûõ òðàíñëÿöèé,
êàê èçâåñòíî, ÿâëÿþòñÿ êîìïîíåíòû âåêòîðíîãî îïåðàòîðà èìïóëüñà P1 , P2 è P3 . Ñîîòíîøåíèå îïðåäåë¼ííîñòè,
ñîîòâåòñòâåííî, çàïèñûâàåòñÿ êàê
∆〉( δx1 P1 + δx2 P2 + δx3 P3 ) > ~ . (11)
Çäåñü ÷èñëà δx1 , δx2 è δx3 ñîñòàâëÿþò êîìïîíåíòû âåêòîðà, êîòîðûé çàäà¼ò ïðîñòðàíñòâåííûé ñäâèã.
Åñëè ïîëîæèòü òåïåðü δx2 = δx3 = 0 , à òàêæå îïóñòèòü äëÿ êðàòêîñòè èíäåêñ, òî íåðàâåíñòâî (11) ìîæíî
çàïèñàòü â âèäå:
|δx|∆〉P > ~ .
Äîïóñòèì òåïåðü, ÷òî ó ðàññìàòðèâàåìîé êâàíòîâîé ñèñòåìû íàì óäàëîñü íàéòè íåêîòîðóþ íàáëþäàåìóþ X ,
êîòîðóþ ìîæíî â òîì èëè èíîì ñìûñëå ñ÷èòàòü å¼

îïåðàòîðîì êîîðäèíàòû. Ýòî ïðåäïîëîæåíèå ïðèíèìàåòñÿ
êàê ñàìî ñîáîé ðàçóìåþùååñÿ â íåðåëÿòèâèñòñêîé êâàíòîâîé ìåõàíèêå. Â ðåëÿòèâèñòñêîé æå êâàíòîâîé
òåîðèè íèêàêîãî åñòåñòâåííîãî ïîíÿòèÿ êîîðäèíàòû íåò.
8
Ìîæíî, íàïðèìåð, îðìàëüíî ñîñòàâèòü èç ãåíåðàòîðîâ
ãðóïïû Ïóàíêàðå âåêòîðíûé îïåðàòîð, êîìïîíåíòàì êîòîðîãî â êëàññè÷åñêîé ìåõàíèêå ñîîòâåòñòâóþò êîîðäèíàòû
öåíòðà ìàññ. Ïðè ýòîì ñëåäóåò èìåòü â âèäó, ÷òî îí áóäåò îáëàäàòü äîâîëüíî íåîáû÷íûìè ñâîéñòâàìè.
Íàïðèìåð, åãî êîìïîíåíòû íå áóäóò êîììóòèðîâàòü äðóã ñ äðóãîì.
Áóäåì ïîëàãàòü, ÷òî X  ñàìîñîïðÿæ¼ííûé îïåðàòîð ñ íåïðåðûâíûì ñïåêòðîì, X = X∗ . Îáîçíà÷èì Ω(a,b)
åãî ñïåêòðàëüíûé ïðîåêòîð
9
äëÿ ïðîèçâîëüíîãî âåùåñòâåííîãî èíòåðâàëà (a, b) .
Ïðåäïîëîæèì òàêæå, ÷òî X , áóäó÷è êîîðäèíàòîé, âåä¼ò ñåáÿ îáû÷íûì îáðàçîì ïîä äåéñòâèåì òðàíñëÿöèé,
à èìåííî, ÷òî äëÿ ëþáûõ a , b è δx èìååò ìåñòî ðàâåíñòâî:
e+ i δx P/~ Ω(a+δx,b+δx) e
− i δx P/~ = Ω(a,b) ,
òî åñòü P ÿâëÿåòñÿ

ãåíåðàòîðîì ñïåêòðàëüíûõ ñäâèãîâ äëÿ X .
Ïóñòü òåïåðü ñèñòåìà íàõîäèòñÿ â ñîñòîÿíèè 〉 , 〈 | 〉 = 1 .
Âåëè÷èíà 〈Ω(a,b) 〉 , î÷åâèäíî, îïðåäåëÿåò âåðîÿòíîñòü íàéòè ñèñòåìó âíóòðè èíòåðâàëà (a, b) . Îïðåäåëèì
òàêèå l è r , ÷òî
〈Ω(−∞,l) 〉 = 〈Ω(r,+∞) 〉 = 1−sin 12 ≈ 0, 07926 . . .
Ëåãêî âèäåòü, ÷òî l è r ñóùåñòâóþò10. Ïðè ýòîì âåëè÷èíó δ〉X = r− l âïîëíå åñòåñòâåííî ìîæíî íàçâàòü

íåîïðåäåë¼ííîñòüþ êîîðäèíàòû X .
Ò å î ð å ì à. (ïðèíöèï íåîïðåäåë¼ííîñòè) Èìååò ìåñòî íåðàâåíñòâî:
δ〉X∆〉P > ~ . (12)
Äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû âîñïîëüçóåìñÿ (äâóêðàòíî) íåðàâåíñòâîì òðåóãîëüíèêà äëÿ êâàíòîâîãî
óãëà:
∠
( 〉 , e− i δ〉X P/~ 〉 ) > ∠ ( Ω(−∞,r) 〉 , Ω(r,+∞) e− i δ〉X P/~ 〉 )−
−∠ ( 〉 , Ω(−∞,r) 〉 ) − ∠ ( e− i δ〉X P/~ 〉 , Ω(r,+∞) e− i δ〉X P/~ 〉 ) =












) − (pi4 − 12) = 1 .
Íî ýòî îçíà÷àåò, ÷òî ïîä äåéñòâèåì e− i δ〉X P/~ âåêòîð 〉 ìåíÿåòñÿ ñóùåñòâåííî.
Ïðèìåíÿÿ ïðèíöèï îïðåäåë¼ííîñòè, íåïîñðåäñòâåííî ïîëó÷àåì (12). 
Òàêèì îáðàçîì, ïðèíöèï îïðåäåë¼ííîñòè ïîçâîëÿåò ïîëó÷èòü àëüòåðíàòèâíîå íåðàâåíñòâî (12), âûðàæàþùåå
ïðèíöèï íåîïðåäåë¼ííîñòè. Ýòî íåðàâåíñòâî íå ýêâèâàëåíòíî íåðàâåíñòâó Êåííàðäà (2).
Ñ îðìàëüíî-ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ, íè îäíî èç íåðàâåíñòâ (2) è (12) íå ÿâëÿåòñÿ ñèëüíåå äðóãîãî.
8
Ýòî êàñàåòñÿ â òîì ÷èñëå è äèðàêîâñêîãî ýëåêòðîíà. Ñóïåðïîçèöèÿ ïîëîæèòåëüíî- è îòðèöàòåëüíî-÷àñòîòíîãî ðåøåíèé
óðàâíåíèÿ Äèðàêà íå èìååò íèêàêîãî èçè÷åñêîãî ñìûñëà, à ïîòîìó íàáëþäàåìîé, îïèñûâàåìîé

îïåðàòîðîì óìíîæåíèÿ íà
ïåðåìåííóþ x  íå ñóùåñòâóåò.
9
ðóáî ãîâîðÿ, ñïåêòðàëüíûé ïðîåêòîð  ýòî îïåðàòîð, çàíóëÿþùèé âîëíîâóþ óíêöèþ â X -ïðåäñòàâëåíèè âíå äàííîãî
èíòåðâàëà.
10
Íî, âîîáùå ãîâîðÿ, íå åäèíñòâåííû. ×òîáû óñòðàíèòü ýòó ìíîãîçíà÷íîñòü, óäîáíî âûáèðàòü l ìàêñèìàëüíûì èç âîçìîæíûõ,
à r  ìèíèìàëüíûì. Òîãäà ðàññòîÿíèå r − l áóäåò ìèíèìàëüíûì.
 Àâãóñò 2006 ã. 
 Ä. À. Àðáàòñêèé

Ïðèíöèï îïðåäåë¼ííîñòè (îáçîð) 
 7 





1− sin 1 ≈ 0, 398 . . .
Ñëåäîâàòåëüíî, åñëè îñëàáèòü íåðàâåíñòâî Êåííàðäà (2) äîïîëíèòåëüíûì ìíîæèòåëåì 0, 398 (÷òî îáû÷íî
íåïðèíöèïèàëüíî äëÿ êà÷åñòâåííûõ îöåíîê), òî îíî ñòàíîâèòñÿ ñëàáåå (12).
Ñ äðóãîé ñòîðîíû, îòíîøåíèå ∆〉X/δ〉X ìîæåò áûòü ñêîëü óãîäíî áîëüøèì, è äàæå áåñêîíå÷íî áîëüøèì,
åñëè âîëíîâîé ïàêåò ïëîõî ëîêàëèçîâàí. Â òàêîé ñèòóàöèè íåðàâåíñòâî Êåííàðäà (2), â îòëè÷èå îò íåðàâåíñòâà
(12), âîîáùå íå äà¼ò íèêàêîé îöåíêè äëÿ íåîïðåäåë¼ííîñòè èìïóëüñà.
Òàêèì îáðàçîì, íåðàâåíñòâî (12) ÿâëÿåòñÿ áîëåå ñîäåðæàòåëüíûì, ÷åì (2), äëÿ êà÷åñòâåííûõ îöåíîê.
Ïðîñòðàíñòâåííûå âðàùåíèÿ. åíåðàòîðàìè òð¼õïàðàìåòðè÷åñêîé ãðóïïû ïðîñòðàíñòâåííûõ âðàùåíèé
ÿâëÿþòñÿ êîìïîíåíòû âåêòîðíîãî îïåðàòîðà ìîìåíòà èìïóëüñà J1 , J2 è J3 . Ñîîòíîøåíèå îïðåäåë¼ííîñòè,
ñîîòâåòñòâåííî, çàïèñûâàåòñÿ êàê
∆〉( δϕ1 J1 + δϕ2 J2 + δϕ3 J3 ) > ~ .
Ëîãàðèìè÷åñêèå êîîðäèíàòû èìåþò çäåñü ïðîñòóþ ãåîìåòðè÷åñêóþ èíòåðïðåòàöèþ: ïîâîðîò, îïèñûâàåìûé
êîîðäèíàòàìè δϕ1 , δϕ2 è δϕ3 ìîæíî âûïîëíèòü ïóò¼ì ïîâîðîòà âîêðóã âåêòîðà ñ ýòèìè êîîðäèíàòàìè íà
óãîë, ðàâíûé äëèíå ýòîãî âåêòîðà.
Ïîëàãàÿ δϕ2 = δϕ3 = 0 è îïóñêàÿ èíäåêñ, èìååì:
|δϕ|∆〉J > ~ .
Ïîïðîáóåì òåïåðü ïîëó÷èòü ñîîòíîøåíèå íåîïðåäåë¼ííîñòåé ïî òîé æå ñõåìå, ÷òî è â ñëó÷àå ãðóïïû ïðîñòðàíñòâåííûõ
òðàíñëÿöèé.
Ïðåæäå âñåãî íåîáõîäèìî çàìåòèòü, ÷òî ñîîòíîøåíèÿ íåîïðåäåë¼ííîñòè â îðìå

ïðîèçâåäåíèå íåîïðåäåë¼ííîñòè
óãëà íà íåîïðåäåë¼ííîñòü ìîìåíòà èìïóëüñà áîëüøå ëèáî ðàâíî ïîñòîÿííîé Ïëàíêà ïðåäëîæèòü çàâåäîìî
íåâîçìîæíî, ïîñêîëüêó â ñîñòîÿíèè, êîãäà íåîïðåäåë¼ííîñòü ìîìåíòà èìïóëüñà îáðàùàåòñÿ â íîëü (ñîáñòâåííîå
ñîñòîÿíèå),

íåîïðåäåë¼ííîñòü óãëà, êàê áû îíà íè îïðåäåëÿëàñü, íå äîëæíà ïðåâîñõîäèòü 2pi .
Äàëåå, çäåñü ìû ñòàëêèâàåìñÿ ñ òîé òðóäíîñòüþ, ÷òî

õîðîøèé ñàìîñîïðÿæ¼ííûé îïåðàòîð óãëà ââåñòè
íåâîçìîæíî. Îïåðàòîðîâ óãëà îêàçûâàåòñÿ áåñêîíå÷íî ìíîãî (åñëè îïðåäåë¼í õîòÿ áû îäèí), íî êàê òîëüêî
ìû èêñèðóåì âûáîð îäíîãî èç íèõ êàêèì-íèáóäü óñëîâèåì (íàïðèìåð, ÷òîáû åãî ñïåêòð ëåæàë â èíòåðâàëå
îò 0 äî 2pi ), îí îêàçûâàåòñÿ äîâîëüíî ñëîæíî ïðåîáðàçóþùèìñÿ ïîä äåéñòâèåì âðàùåíèé, è àíàëèç îðìóë
ñèëüíî çàòðóäíÿåòñÿ.
Ïîýòîìó ìû íå áóäåì çäåñü âîîáùå óòî÷íÿòü âûáîð îäíîãî èç áåñêîíå÷íîãî ìíîæåñòâà îïåðàòîðîâ óãëà, à
áóäåì ïîäðàçóìåâàòü, ÷òî ðå÷ü èä¼ò ñðàçó îáî âñ¼ì áåñêîíå÷íîì êëàññå. Ïðè ýòîì äëÿ ýòîãî êëàññà ìû áóäåì
èñïîëüçîâàòü ñèìâîëè÷åñêîå îáîçíà÷åíèå Φ .
Òàêîé ïîäõîä íå ïîðîæäàåò òðóäíîñòåé, ïîñêîëüêó ïðè âûâîäå ñîîòíîøåíèÿ íåîïðåäåë¼ííîñòè íàì àêòè÷åñêè
ïðèõîäèòñÿ îïåðèðîâàòü ñî ñïåêòðàëüíîé ìåðîé (ìíîæåñòâîì ñïåêòðàëüíûõ ïðîåêòîðîâ). À ýòà ñïåêòðàëüíàÿ
ìåðà ó âñåõ îïåðàòîðîâ óãëà, â ñóùíîñòè, îäíà è òà æå. Ïðîñòî àðãóìåíòîì ýòîé ìåðû àêòè÷åñêè âûñòóïàåò
íå îòðåçîê âåùåñòâåííîé ïðÿìîé, êàê â ñëó÷àå ñ îïåðàòîðîì êîîðäèíàòû, à ñåãìåíò îêðóæíîñòè. Âåùåñòâåííàÿ
êîîðäèíàòà æå íà îêðóæíîñòè äîëæíà ïîíèìàòüñÿ ñ òî÷íîñòüþ äî ñëàãàåìîãî 2pi . Òàêèì îáðàçîì, ñïåêòðàëüíàÿ
ìåðà óäîâëåòâîðÿåò ñîîòíîøåíèþ:
Ω(a+2pi,b+2pi) = Ω(a,b) .




e+ i δϕ J/~ Ω(a+δϕ,b+δϕ) e
− i δϕ J/~ = Ω(a,b) .
Âåëè÷èíà 〈Ω(a,b) 〉 , î÷åâèäíî, îïðåäåëÿåò âåðîÿòíîñòü íàéòè ñèñòåìó âíóòðè óãëîâîãî ñåãìåíòà (a, b) . Ïóñòü
òåïåðü èìååòñÿ òàêîé íåáîëüøîé óãëîâîé ñåãìåíò (l, r) , â êîòîðîì â îñíîâíîì ñîñðåäîòî÷åíà âåðîÿòíîñòü
îáíàðóæèòü ñèñòåìó. À èìåííî, ïðåäïîëîæèì, ÷òî âåðîÿòíîñòü îáíàðóæèòü ñèñòåìó â äîïîëíèòåëüíîì ñåãìåíòå
ðàâíà:
〈Ω(r,l+2pi) 〉 = 1−sin 12 ≈ 0, 07926 . . .
Åñëè r è l âûáðàíû òàê, ÷òî âåëè÷èíà δ〉Φ = r− l ìèíèìàëüíà, òî δ〉Φ ìîæíî ïðè ýòîì íàçâàòü

íåîïðå-
äåë¼ííîñòüþ óãëà Φ .
 Àâãóñò 2006 ã. 
 Ä. À. Àðáàòñêèé

Ïðèíöèï îïðåäåë¼ííîñòè (îáçîð) 
 8 
Ò å î ð å ì à. (ïðèíöèï íåîïðåäåë¼ííîñòè äëÿ óãëà è ìîìåíòà èìïóëüñà) Èìååò ìåñòî íåðàâåíñòâî:
δ〉Φ > min ( ~ /∆〉J ; pi ) . (13)
àññìîòðèì ñëó÷àé, êîãäà δ〉Φ 6 pi . Ïðè ýòîì ïîâ¼ðíóòûé óãëîâîé ñåãìåíò (l, r) íå áóäåò ïåðåêðûâàòüñÿ
ñ íåïîâ¼ðíóòûì, è ìîæíî ïðèìåíèòü òîò æå ìåòîä îöåíêè êâàíòîâîãî óãëà, ÷òî è â ñëó÷àå òðàíñëÿöèé.
Èòàê, âîñïîëüçóåìñÿ (äâóêðàòíî) íåðàâåíñòâîì òðåóãîëüíèêà äëÿ êâàíòîâîãî óãëà:
∠
( 〉 , e− i δ〉ΦJ/~ 〉 ) > ∠ ( Ω(l,r) 〉 , Ω(r,r+δ〉Φ) e− i δ〉Φ J/~ 〉 )−
−∠ ( 〉 , Ω(l,r) 〉 ) − ∠ ( e− i δ〉Φ J/~ 〉 , Ω(r,r+δ〉Φ) e− i δ〉Φ J/~ 〉 ) =












) − (pi4 − 12) = 1 .
Íî ýòî îçíà÷àåò, ÷òî ïîä äåéñòâèåì e− i δ〉Φ J/~ âåêòîð 〉 ìåíÿåòñÿ ñóùåñòâåííî.
Ïðèìåíÿÿ ïðèíöèï îïðåäåë¼ííîñòè, íåïîñðåäñòâåííî ïîëó÷àåì (13). 
Êàê âèäèì, ïðèíöèï îïðåäåë¼ííîñòè ïîçâîëÿåò ëåãêî ïîëó÷èòü è ïðîñòîå ñîîòíîøåíèå íåîïðåäåë¼ííîñòè
äëÿ óãëà è ìîìåíòà èìïóëüñà.
Ñëåäóåò îòìåòèòü, ÷òî ïîïûòêà [16℄ ïîëó÷èòü ñîîòíîøåíèå íåîïðåäåë¼ííîñòè äëÿ óãëà è ìîìåíòà èìïóëüñà ïî
àíàëîãèè ñ íåðàâåíñòâîì Êåííàðäà (2) ïðèâîäèò ê äîâîëüíî ñëîæíûìîðìóëàì. À èìåííî, åñëè çàèêñèðîâàòü
ñàìîñîïðÿæ¼ííûé îïåðàòîð óãëà Φ óñëîâèåì, ÷òî åãî ñïåêòð ÿâëÿåòñÿ èíòåðâàëîì [−pi, pi] , è îïðåäåëèòü





〈 e+ i δϕ J/~ Φ2 e− i δϕ J/~ 〉 ,











Äëÿ èññëåäîâàíèÿ êâàçèêëàññè÷åñêîãî ïðåäåëà íåðàâåíñòâî (13) îêàçûâàåòñÿ áîëåå óäîáíûì, ÷åì (14), ò. ê.
ïîçâîëÿåò íàêëàäûâàòü áîëåå ìÿãêèå óñëîâèÿ íà ëîêàëèçàöèþ âîëíîâîãî ïàêåòà.
Âðåìåííûå ñäâèãè. ðóïïà Ïóàíêàðå âêëþ÷àåò â êà÷åñòâå ïîäãðóïïû îäíîïàðàìåòðè÷åñêóþ ãðóïïó
ñäâèãîâ âî âðåìåíè. Åñòåñòâåííî îæèäàòü, ÷òî ïðèíöèï îïðåäåë¼ííîñòè èìååò ñîîòâåòñòâóþùåå ìàòåìàòè÷åñêîå
âûðàæåíèå è â ýòîì ñëó÷àå. È ýòî äåéñòâèòåëüíî òàê.
Íî íàøå îáñóæäåíèå çäåñü îñëîæíÿåòñÿ òåì îáñòîÿòåëüñòâîì, ÷òî âñÿ ó÷åáíàÿ ëèòåðàòóðà è ïî êëàññè÷åñêîé
è ïî êâàíòîâîé ìåõàíèêå îðèåíòèðóåòñÿ èñêëþ÷èòåëüíî íà ðåøåíèå çàäà÷ äèíàìèêè. Ïðè ýòîì ïîíÿòèå
äèíàìè÷åñêîãî ñîñòîÿíèÿ îáÿçàòåëüíî îòíîñÿò ê íåêîòîðîìó ìîìåíòó âðåìåíè. Òàêîé ïîäõîä ïîëíîñòüþ
ñêðûâàåò ðåëÿòèâèñòñêóþ èíâàðèàíòíîñòü. Ïðè ýòîì ïîíÿòèå ãðóïïû âðåìåííûõ ñäâèãîâ ñòàíîâèòñÿ àêòè÷åñêè
áåññîäåðæàòåëüíûì.
Ïîëíîñòüþ ïîñëåäîâàòåëüíûìè â ýòîì ïëàíå ÿâëÿþòñÿ èíâàðèàíòíûé ãàìèëüòîíîâ îðìàëèçì (â ñëó÷àå
êëàññè÷åñêîé ìåõàíèêè) è ðåëÿòèâèñòñêîå êàíîíè÷åñêîå êâàíòîâàíèå (ÊÊ) (â ñëó÷àå ðåëÿòèâèñòñêîé êâàíòîâîé
òåîðèè ïîëÿ). Ïðè ýòîì â òåîðèþ åñòåñòâåííûì îáðàçîì âêëþ÷àþòñÿ íå òîëüêî âðåìåííûå ñäâèãè, íî è
ëîðåíöåâû áóñòû. Îäíàêî, ïîñêîëüêó ñ òàêèì ïîäõîäîì â íàñòîÿùåå âðåìÿ áîëüøèíñòâî èçèêîâ çíàêîìû
ïëîõî, ìû çäåñü îáñóäèì ïðîìåæóòî÷íûé ïîäõîä, êîòîðûé, â ñóùíîñòè, îñíîâàí íà ïðåäñòàâëåíèè åéçåíáåðãà.
(Ëîðåíöåâû áóñòû ïðè ýòîì ìû â ýòîì îáçîðå âîîáùå ðàññìàòðèâàòü íå áóäåì.)
Îáû÷íî ïîä äèíàìè÷åñêèì ñîñòîÿíèåì St â íåêîòîðûé ìîìåíò âðåìåíè t ïîíèìàþò íàáîð âåëè÷èí, êîòîðûå
ìîæíî èçìåðèòü â ìîìåíò âðåìåíè t íåêîòîðûì íàáîðîì ïðèáîðîâ, è êîòîðûå çàäàþò âñþ ïîñëåäóþùóþ
ýâîëþöèþ ñèñòåìû (òî åñòü àíàëîãè÷íûå íàáîðû âåëè÷èí â ïîñëåäóþùèå ìîìåíòû âðåìåíè). Â êëàññè÷åñêîé
ìåõàíèêå äèíàìè÷åñêîå ñîñòîÿíèå îáû÷íî îïèñûâàåòñÿ ëèáî íàáîðîì êîîðäèíàò è ñêîðîñòåé (ëàãðàíæåâ
îðìàëèçì), ëèáî íàáîðîì êîîðäèíàò è èìïóëüñîâ (ãàìèëüòîíîâ îðìàëèçì). Òî åñòü äèíàìè÷åñêîå ñîñòîÿíèå
â çàäàííûé ìîìåíò âðåìåíè îïðåäåëÿåòñÿ òî÷êîé íà íåêîòîðîì ìíîãîîáðàçèè, íàçûâàåìîìàçîâûì ïðîñòðàíñòâîì.
Â êâàíòîâîé ìåõàíèêå äèíàìè÷åñêîå ñîñòîÿíèå îïèñûâàåòñÿ âåêòîðîì â ãèëüáåðòîâîì ïðîñòðàíñòâå.
Êîãäà âñòà¼ò âîïðîñ îá îïèñàíèè äåéñòâèÿ ãðóïïû ïðîñòðàíñòâåííûõ äâèæåíèé íà ïðîñòðàíñòâå äèíàìè÷åñêèõ
ñîñòîÿíèé â íåêîòîðûé ìîìåíò âðåìåíè, îáû÷íî ðàññóæäàþò òàê. Ïóñòü íàáîð èçè÷åñêèõ ïðèáîðîâ K ,
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èçìåðÿþùèõ ïîëíûé íàáîð äèíàìè÷åñêèõ ïåðåìåííûõ ðàññìàòðèâàåìîé ñèñòåìû, ïîä äåéñòâèåì íåêîòîðîãî
äâèæåíèÿ G ïåðåø¼ë â K ′ , G : K → K ′ . È ïóñòü äëÿ íåêîòîðîãî äèíàìè÷åñêîãî ñîñòîÿíèÿ ñèñòåìû S
èìååòñÿ äèíàìè÷åñêîå ñîñòîÿíèå S′ , òàêîå ÷òî íàáîð ïðèáîðîâ K ′ , èçìåðÿþùèé ïàðàìåòðû ñîñòîÿíèÿ S′ ,
âûäà¼ò òå æå ðåçóëüòàòû, ÷òî è K , èçìåðÿþùèé ïàðàìåòðû ñîñòîÿíèÿ S . Òîãäà ãîâîðÿò, ÷òî ïîä äåéñòâèåì
ïðåîáðàçîâàíèÿ G ñîñòîÿíèå S ïåðåõîäèò â S′ . Ñèìâîëè÷åñêè ýòî ìîæíî çàïèñàòü òàê:
G : K → K ′ , K(S) = K ′(S′) =⇒ G : S → S′ .
Èìåííî òàêèì ïóò¼ì ââîäèòñÿ äåéñòâèå ïðîñòðàíñòâåííûõ ñäâèãîâ è âðàùåíèé, îïèñàííîå âûøå.
Êàçàëîñü áû, ýòî æå îïðåäåëåíèå åñòåñòâåííî ìîæíî ðàñïðîñòðàíèòü è íà ãðóïïó âðåìåííûõ ñäâèãîâ:
G : Kt1 → Kt2 , Kt1(St1) = Kt2(St2) =⇒ G : St1 → St2 .
Íî îò ýòîãî îïðåäåëåíèÿ îêàçûâàåòñÿ ìàëî ïîëüçû, ïîñêîëüêó îíî îêàçûâàåòñÿ ÷èñòî îðìàëüíûì è íèêàê
íå ñâÿçàííûì ñ äèíàìèêîé.
Ïðèâåä¼ííîå âûøå îïðåäåëåíèå äèíàìè÷åñêîãî ñîñòîÿíèÿ ìû íåìíîãî óñîâåðøåíñòâóåì. Áóäåì ñ÷èòàòü, ÷òî
åñëè íåêîòîðîå äèíàìè÷åñêîå ñîñòîÿíèå St1 â õîäå ýâîëþöèè ïåðåõîäèò â St2 , òî St1 è St2 îïèñûâàþò
îäíî è òî æå äèíàìè÷åñêîå ñîñòîÿíèå. Òî åñòü äèíàìè÷åñêîå ñîñòîÿíèå  ýòî ïðîñòî íåêîòîðûé àáñòðàêòíûé
íàáîð âåëè÷èí (íå îáÿçàòåëüíî ñâÿçàííûé ñ èçìåðåíèÿìè â êîíêðåòíûé ìîìåíò âðåìåíè), îïðåäåëÿþùèé
ýâîëþöèþ ñèñòåìû. Êîãäà ðå÷ü èä¼ò î êâàíòîâûõ ñèñòåìàõ, ìîæíî ñ÷èòàòü, ÷òî äèíàìè÷åñêîå ñîñòîÿíèå
ïðîñòî îïèñûâàåòñÿ ãåéçåíáåðãîâñêèì âåêòîðîì ñîñòîÿíèÿ.
Ïðè ýòîì, åñëè ñèñòåìà çàìêíóòà, òî å¼ ãàìèëüòîíèàí íå çàâèñèò îò âðåìåíè, à òàêæå êîììóòèðóåò ñ ïðîñòðàíñòâåííûìè
äâèæåíèÿìè. Ïîýòîìó îïèñàííàÿ â ïðåäûäóùèõ ïóíêòàõ òåîðèÿ ïðîñòðàíñòâåííûõ äâèæåíèé ïåðåíîñèòñÿ è
íà ýòîò ñëó÷àé. Êðîìå òîãî, ñþäà ïðèñîåäèíÿåòñÿ åù¼ è ãðóïïà âðåìåííûõ ñäâèãîâ, çàäàâàåìàÿ ñåìåéñòâîì
îïåðàòîðîâ:
U(δt) = e− i δt (−H)/~ .
Ñëåäóåò îáðàòèòü âíèìàíèå, ÷òî ãåíåðàòîðîì ýòîé ãðóïïû ÿâëÿåòñÿ ãàìèëüòîíèàí ñî çíàêîì

ìèíóñ. Îïåðàòîð,
îïèñûâàþùèé äåéñòâèå ðàññìàòðèâàåìîé ãðóïïû, ÿâëÿåòñÿ îáðàòíûì ê îïåðàòîðó, îïèñûâàþùåìó ýâîëþöèþ
â óðàâíåíèèØð¼äèíãåðà. Ìîæíî ñêàçàòü, ÷òî çäåñü ãðóïïà äåéñòâóåò àêòèâíî, â òî âðåìÿ êàê â ïðåäñòàâëåíèè
Øð¼äèíãåðà îíà äåéñòâóåò ïàññèâíî.
Ñîîòíîøåíèå îïðåäåë¼ííîñòè äëÿ ãðóïïû âðåìåííûõ ñäâèãîâ ïðèíèìàåò âèä:
|δt|∆〉H > ~ . (15)
Åñëè ïîñìîòðåòü íà ýòî ñîîòíîøåíèå ñ òî÷êè çðåíèÿ ïðåäñòàâëåíèÿØð¼äèíãåðà (ïðè ýòîì åñòåñòâåííàÿ ñâÿçü
ñ ãðóïïîé Ïóàíêàðå óòðà÷èâàåòñÿ), òî ýòî ñîîòíîøåíèå êàê ðàç îêàçûâàåòñÿ ñîîòíîøåíèåì Ìàíäåëüøòàìà-
Òàììà [6℄ äëÿ ñêîðîñòè êâàíòîâîé ýâîëþöèè.
Òàêèì îáðàçîì, ñîîòíîøåíèå Ìàíäåëüøòàìà-Òàììà äëÿ ñëó÷àÿ çàìêíóòûõ ñèñòåì ÿâëÿåòñÿ ñëåäñòâèåì ïðèíöèïà
îïðåäåë¼ííîñòè.
Îáñóäèì òåïåðü íåçàìêíóòûå ñèñòåìû. ÑîîòíîøåíèåÌàíäåëüøòàìà-Òàììà äëÿ ñêîðîñòè êâàíòîâîé ýâîëþöèè
(ïîëó÷àåìîå â ïðåäñòàâëåíèè Øð¼äèíãåðà) åñòåñòâåííûì îáðàçîì îáîáùàåòñÿ íà ýòîò ñëó÷àé. Îáîçíà÷èì
ãàìèëüòîíèàí â ýòîì ñëó÷àå êàê H full . Ïðè ýòîì, ïîñêîëüêó âåëè÷èíà ∆|t〉H
full
, âîîáùå ãîâîðÿ, çàâèñèò îò
âðåìåíè, å¼ íóæíî ïðîñòî óñðåäíèòü:
|τ |∆|t〉H full > ~ . (16)
Çäåñü τ  ïðîìåæóòîê âðåìåíè, â òå÷åíèå êîòîðîãî ïðîèñõîäèò ýâîëþöèÿ (îí íå èìååò ñìûñëà ëîãàðèìè÷åñêîé
êîîðäèíàòû íà êàêîé-ëèáî ãðóïïå).
Ïðèíöèï îïðåäåë¼ííîñòè â ýòîé ñèòóàöèè îêàçûâàåòñÿ îðìàëüíî íåïðèìåíèì. Îäíàêî, íà ïðàêòèêå, êîãäà
ðàññìàòðèâàþòñÿ íåçàìêíóòûå êâàíòîâûå ñèñòåìû, èõ ãàìèëüòîíèàí îáû÷íî ïðåäñòàâèì â âèäå ñóììû äâóõ
ñëàãàåìûõ, ñîáñòâåííîãî ãàìèëüòîíèàíà





H full = H +H int .
Ïðè ýòîì ãàìèëüòîíèàí âçàèìîäåéñòâèÿ H int îáû÷íî ìîæíî

âûêëþ÷àòü.
Â ýòîì ñëó÷àå åñòåñòâåííî ñâÿçàòü ïîíÿòèå äèíàìè÷åñêîãî ñîñòîÿíèÿ ñèñòåìû ñ å¼ ýâîëþöèåé ïðè âûêëþ÷åííîì
ãàìèëüòîíèàíå âçàèìîäåéñòâèÿ (õîòÿ ðàññìàòðèâàòüñÿ îíî ìîæåò â êîíêðåòíûé ìîìåíò âðåìåíè, áåç âûêëþ÷åíèÿ
ãàìèëüòîíèàíà âçàèìîäåéñòâèÿ). Ñîîòâåòñòâåííî, ñîîòíîøåíèå îïðåäåë¼ííîñòè (15) ñîõðàíÿåò ñâîé ïðåæíèé
âèä. Ñìûñë åãî ñòàíîâèòñÿ íåñêîëüêî áîëåå àáñòðàêòíûì, áåç êàêîé ëèáî ïðÿìîé ñâÿçè ñ ñîîòíîøåíèåì
Ìàíäåëüøòàìà-Òàììà (16).
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Â çàêëþ÷åíèå îòìåòèì, ÷òî Ìàíäåëüøòàì è Òàìì âûâåëè ñâî¼ ñîîòíîøåíèå ïóò¼ì ïðÿìîé îöåíêè ñêàëÿðíîãî
ïðîèçâåäåíèÿ äëÿ íà÷àëüíîãî è êîíå÷íîãî âåêòîðîâ ñîñòîÿíèÿ. Òåîðèþ ìåòðèêè Ôóáèíè-Øòóäè îíè ïðè
ýòîì íå èñïîëüçîâàëè. Òàêîé âûâîä îêàçûâàåòñÿ ñóùåñòâåííî êîðî÷å. Íî ïðè ýòîì ãåîìåòðè÷åñêàÿ ïðèðîäà
ðåçóëüòàòà îêàçûâàåòñÿ â çíà÷èòåëüíîé ñòåïåíè ñêðûòîé. Ýòî äîïîëíèòåëüíî óñëîæíÿåò èíòåðïðåòàöèþ
(ïîìèìî áîëåå ñåðü¼çíîãî íåäîñòàòêà  èíòåðïðåòàöèè, îñíîâàííîé íà óðàâíåíèè Øð¼äèíãåðà).
Âûâîä ñîîòíîøåíèÿ Ìàíäåëüøòàìà-Òàììà (â ðàìêàõ óðàâíåíèÿ Øð¼äèíãåðà), îñíîâàííûé íà ìåòðèêå Ôó-
áèíè-Øòóäè, áûë äàí ïîçäíåå Àíàíäàíîì è Ààðîíîâûì [18℄. Ïðè ýòîì ññûëêè íà Ìàíäåëüøòàìà è Òàììà
íå äàâàëîñü. Ïîýòîìó â çàïàäíîé ëèòåðàòóðå ýòî ñîîòíîøåíèå ÷àñòî îøèáî÷íî íàçûâàþò ñîîòíîøåíèåì
Àíàíäàíà-Ààðîíîâà.
Áëàãîäàðíîñòè
Â çàêëþ÷åíèå õî÷ó ïîáëàãîäàðèòü À. Êëåéíà, Ñ. Ëîðåíöà, Ò. À. Áîëîõîâà, À. Â. Îñèïîâà, Å. Â. Àêñ¼íîâó,
À. Þ. Òîùåâèêîâó, Ì. àòòè è À. Ê. Ïýòè çà ïîëåçíûå äèñêóññèè, ëèòåðàòóðíûå óêàçàíèÿ è ïîìîùü â
äîáûâàíèè ëèòåðàòóðû.
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δ〉Φ > min ( ~ /∆〉J ; pi )
(Àðáàòñêèé, 2006)






∆〉 (− δxµ Pµ + 12 δωµν Jµν ) > ~
(Àðáàòñêèé, 2005)
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